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I met Guillaume Chevrot first in December 2010 and since January 2011 he works with us as 
as a postdoctoral research associate. His three-years contract is financed by the ANR1 
project SPUTNIK - Simulating experiments  on protein structure and dynamics  (see web site 
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contributed to methodological simulation studies of protein dynamics, which are of great 
importance to the interpretation of experimental data obtained by neutron scattering and 
NMR spectroscopy. Guillaume has excellent skills in molecular dynamics simulations and he 
is able to quickly integrate new theoretical concepts into his work. In the course of the ANR 
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adapted to work with you on the investigation of complex molecular assemblies by 
molecular simulation.
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of the team and to achieve his objectives autonomously. I can recommend him 
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1 Agence Nationale de la Recherche, the French National Research Organisation.



• Neutron scattering theory revisited

• Quantum and classical picture of (quasi-)elastic scattering

• Classical energy landscapes and non-exponential relaxation

• QENS from a tunneling particle in a quantum “energy landscape”

• Recoil in QENS
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Neutron scattering theory revisited 



Neutron Scattering experiment

Momentum and 
Energy transfer
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Sketch of a neutron scattering spectrum

Elastic scattering from non-excitable modes

Inelastic scattering from (de)excitations of 
vibrational modes

Quasi-elastic scattering from (de)excitations of 
stochastic modes
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Usually the dynamic structure factor is denoted by
S(q, Ê), but we use the symbol F̃ (q, Ê) to label Fourier
transforms in a uniform way. The scattering-related
quantities are, respectively, the momentum and energy
transfer from the neutron to the sample, q and Ê, in units
of ~, N is the total number of atoms in the scattering
system and for each pair {j, k} of them, {R̂j(t), R̂k(t)}
denote the associated time-dependent position operators.
The symbol È. . .Í stands for a quantum ensemble average
and the weighting factors �jk have the form

�jk = bj
ú
bk + ”jk|bj ≠ bj |2, (3)

where bj and bk are the (complex) scattering lengths1,17

of the atoms j and k, respectively. For a given atom the
average runs over all isotopes and combinations of the nu-
clear and neutron spins and we note that bj,coh © bj and
bj,inc © (|bj ≠ bj |2)1/2 are, respectively, the coherent and
incoherent scattering lengths of atom j. Coherent and in-
coherent scattering probe, respectively, the collective and
average single atom dynamics of the system under con-
sideration, but since these scattering types are not sepa-
rable without special spin-polarization experiments,18–20

we will not explicitly distinguish between them.
The intermediate scattering function fulfills the sym-

metry relations of a quantum time correlation function,

F
ú(q, t) = F (q, ≠t), (4)

F (q, ≠t) = F (≠q, t + i—~), (5)

where — = 1/kBT is the inverse Boltzmann temperature.
For the dynamic structure factor Eq. (5) translates into

F̃ (q, Ê) = e
—~Ê

F̃ (≠q, ≠Ê), (6)

which is the well-known detailed-balance relation.

B. Elastic and inelastic scattering

Noting that

e
iq·R̂j(t) =

⁄
d

3
r exp(≠iq · r)”(r ≠ R̂j(t))

is the spatially Fourier-transformed single particle den-
sity for atom j, we introduce the deviation of this quan-
tity with respect to its mean value,

”fl̃k(q, t) = e
iq·R̂j(t) ≠

e
e

iq·R̂j(t)
f

, (7)

to split the intermediate scattering function into a static
and a time-dependent component,

F (q, t) = F (q, Œ) + ”F (q, t), (8)

which are given by

F (q, Œ) = 1
N

ÿ

j,k

�jk

e
e

iq·R̂j

fú e
e

iq·R̂k

f
, (9)

”F (q, t) = 1
N

ÿ

j,k

�jk

e
”fl̃

†
j(q, 0)”fl̃k(q, t)

f
. (10)

Making the the physically reasonable assumption

lim
tæŒ

”F (q, t) = 0, (11)

shows that F (q, Œ) is the asymptotic form of the in-
termediate scattering function and it follows by Fourier
transform of Eq. (8) that

F̃ (q, Ê) = F (q, Œ)”(Ê) + ”F̃ (q, Ê). (12)

Therefore F (q, Œ) represents the elastic amplitude of the
Fourier spectrum and ”F̃ (q, Ê) its inelastic component.
Here “inelastic” is to be understood as “non-elastic” and
includes also the quasielastic component of the spectrum,
which is very close to the elastic line and describes relax-
ation and di�usion processes.

C. Generic form of the scattering functions

For modeling purposes it is convenient to introduce the
normalized relaxation function

„(q, t) = ”F (q, t)/”F (q, 0), (13)

noting that this function does not monotonously decay
for short times. This leads to the generic form

F (q, t) = F (q, Œ) + (F (q, 0) ≠ F (q, Œ))„(q, t) (14)

of the intermediate scattering function which translates
into the corresponding generic form

F̃ (q, Ê) = F (q, Œ)”(Ê)
+ (F (q, 0) ≠ F (q, Œ))„̃(q, Ê) (15)

of the dynamic structure factor. We note that

F (q, 0) = 1
N

ÿ

j,k

�jk

e
e

iq·(R̂k≠R̂j)
f

(16)

is the total static structure factor, which tends for q ©
|q| æ Œ to a constant value,

lim
qæŒ

F (q, 0) = 1
N

ÿ

k

�kk, (17)

and oscillates for smaller q-values around that constant.
For modeling purposes it is convenient to normalize the
intermediate scattering function such that

1
N

ÿ

k

�kk = 1. (18)

D. Hydrogen-rich systems

We finally consider the frequent of case of neutron scat-
tering from hydrogen-rich systems, such as proteins and

ω
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S(q,!) =
1

2⇡

Z +1

�1
dt e�i!tF (q, t)

Dynamic structure factor Intermediate scattering function

Partial intermediate scattering functions

are quantum time correlation functions
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F (q, t) = 1
N

N…
j,k=1

�jk
(
e*iq�Çrj (0)eiq�Çrk(t)

)

≠́≠≠≠≠≠≠≠≠≠Ø≠≠≠≠≠≠≠≠≠≠̈
fjk(q,t)
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jk
(q, t) = tr

$
Ç⇢
eq
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The coherence volume — what neutrons “see”
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k

θ

sample

Each neutron is a wave packet 
and probes a coherence volume
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• Linear dimension ’ 10*5 cm

• Number of atoms in coherence volume ’ 108

• cf. number of atoms in 1 cm3 of water ˘ 1023

J. Felber, R. Gähler, R. Golub, and K. Prechtel
Physica B: Condensed Matter, 252(1-2):34–43, 1998
F. Mezei
In J. Phys. Colloques, volume 45, C3-223-C3-228, 1984
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f
jk
(q, t) =

(
e
*iq�Çrj (0)eiq�Çrk(t)

)

=
(
e
iq�(Çrk*Çrj )e

it

`

ÇH
®
s
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e
* it

`
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)

The neutron kicks the scattering atom
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Atom k receives a momentum kick `q.

G. C. Wick, “The scattering of neutrons by 
systems containing light nuclei”, Physical Review, 
vol. 94, no. 5, pp. 1228–1242, 1954.
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e*iq�Çrg( Çp)eiq�Çr = g( Çp + `q)

Use that
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ÇH
®
s
(q, k) =

N…
l=1

( Çp
l
+ �

kl
`q)2

2m
l

+ U
s
(Çr1,… , Çr

N
),

Í ÇH
®
s
(q, k) * ÇH

s
Î = `

2
q
2

2m
k

(average recoil energy)



Local and global heating the sample

Effective recoil energy
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m
H ,eff = 1.896u
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mO,eff = 17.08u
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• R. G. Sachs and E. Teller,
Physical Review, 60(1):18, 1941

• G. R. Kneller,
J Chem Phys, 125(11):114107, 2006
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q in Å*1
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�T (q, k) = `2q2

2mk,eff
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1
ÍT Î

dT (q)
dt

= 4.34 ù 10*11 ù [q]2_s

Effective masses for water
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H : �T (q)
ÍT Î ˘ 2.91 ù 10*2 [q]2, O : �T (q)

ÍT Î ˘ 3.23 ù 10*3 [q]2 (293K)
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Heating rate of a 1 cm3
liquid-

water sample exposed to a neu-

tron flux of � = 1014 n cm*2 s*1.
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Local jump in “temperature”
(kinetic energy) due to the neu-
tron kick.
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k

θ

sample

The coherence volumes in 
condensed matter are small open 
systems which are coupled to the 
rest of the sample which acts as 
thermostat.

Thermostatting introduces 
irreversibility and relaxation 
processes.

Scattering from small open systems 



Spectroscopic formulation of the intermediate scattering function
G. R. Kneller, PNAS USA 115(38):9450–9455, 2018

<latexit sha1_base64="y/4OC8Evmjb01bOo/73xpkxAwB0="></latexit>

ÇH�
m
Î = E

m
�

m
Î

ÇH
®(q, k)�®

n
(q, k)Î = E

®
n
�

n
(q, k)Î

From Slow Neutron Spectroscopy and the Grand Atlas of the Physical World
B. N. Brockhouse, Rev. Mod. Phys., 67(4):735–751, octobre 1995

Happily, because the nuclear and magnetic interactions between the neutron 
and atom are (in some sense) weak, the very good "first Born 
approximation ” is applicable, and the neutrons are effectively “decoupled” 
from the dynamics of the scattering system which can be considered in 
isolation. The neutron, in being scattered, “causes” transitions between 
the quantum states of the scattering system but does not change the 
states.
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E®
n = En
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ÍR�®
n(q, k)Î = ÍR�nÎe*iQk�R
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Amplitudes for the scattering-induced transition �mÎ ô �nÎ if atom k is hit:

The partial intermediate scattering functions can be entirely 
expressed in terms of transition amplitudes
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fjk(q, t) = ”m,n

e*�Em

Z
e

i
` (En*Em)ta<môn(q, j)amôn(q, k)
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”n
… =

T≥
n… for discrete spectra,

î dE ⇢(E)… for continuous spectra.
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am!n(q, k) =

Z
d3NP �̃⇤

n (P+ ~Qk) �̃m(P)

=

Z
d3NReiQk·R�⇤

n(R)�m(R)
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The vector p comprises here the Cartesian coordinates of all
atomic momenta and the components of Q are defined such
that the operation p + ~Q shifts only the momentum of the
scattering atom, i.e. Q1 = qx, Q2 = qy, Q3 = qz, and
Qj = 0 for 3 < j  3N . It follows then from [17] that
�
0
n(p;q) = �n(p+ ~Q), such that the coe�cients amn(q) can

be expressed as overlap integrals involving the shifted and un-
shifted energy eigenfunctions of the unperturbed Hamiltonian
in momentum space,

amn(q) =

Z
d
3N

p�
⇤
n(p+ ~Q)�m(p). [18]

The squared transition amplitudes,

pmn(q) ⌘ |amn(q)|2 , [19]

fulfill the relations
X

m

pmn(q) =
X

n

pmn(q) = 1, [20]

pmn(0) = �mn, [21]

and can thus be interpreted as probabilities for the neutron
scattering-induced transitions |�mi ! |�ni of the sample dur-
ing the scattering event. Using the notation (19), the inter-
mediate scattering function and the corresponding dynamic
structure factor take the form

Fs(q, t) =
1
Z

X

m,n

e
��Em

e
it(En�Em)/~

pmn(q), [22]

Ss(q,!) =
1
Z

X

m,n

e
��Em

pmn(q)� (! � [En � Em]/~) , [23]

where the partition function is given by

Z =
X

m

e
��Em

. [24]

The symmetry property

pmn(q) = pnm(�q) [25]

leads to the detailed balance relations

Fs(q, t) = Fs(�q,�t+ i�~), [26]

Ss(q,!) = e
�~!

Ss(�q,�!), [27]

which reflect the fact that energy loss of the scattered neutrons
more likely than energy gain [8].

The Dirac distributions in the double sum (23) express en-
ergy conservation for the transition Em ! En and Fig. 1
shows a sketch of a such a line spectrum. Each Dirac distri-
bution is here slightly broadened to make it visible. Splitting
the double sum in Expression (23) into terms with m 6= n and
m = n, one obtains, respectively, a decomposition into an in-
elastic and an elastic component of the spectrum. The latter
is usually written as

S
(el)
s (q,!) = EISF (q)�(!), [28]

where

EISF (q) =
1
Z

X

m

e
��Em

pmm(q) [29]

is the Elastic Incoherent Structure Factor.

The construction of the transition probabilities re-
minds the Franck-Condon theory of vibronic transitions in

p
~q

~�

0

1

2

3

4

0�
1�

2�
3�

4�

E
TT �

Fig. 2. Neutron scattering in the Franck-Condon representation. The model

system is here the harmonic oscillator and one considers the 0 ! 3 excitation. T
and T 0

are the kinetic energies, respectively, before and after the collision with the

neutron and T 0(p) = T (p+ ~q).

molecules [11, 12]. In the latter case one considers, however,
overlap integrals of energy eigenfunctions in coordinate space,
which correspond to the molecular electronic spectra before
and after the absorption or emission of a photon. The absorp-
tion/emission of the photon changes here the potential energy
of the molecule and this change entails a shift of its minimum
in space, i.e. a shift of the atomic equilibrium configuration.
In the case of neutron scattering it is instead the kinetic en-
ergy of the atomic nuclei in the sample which is shifted due to
the momentum transfer ~q of the neutron. Fig. 2 illustrates
this point for the harmonic oscillator which will be discussed
in the following.

Harmonic oscillator.The harmonic oscillator is the simplest
spectroscopic model system with a discrete spectrum of eigen-
values. The potential energy function is here a quadratic func-
tion of the displacement coordinate, x,

V (x) =
1
2
M⌦2

x
2
,

where M is the mass of the oscillator and ⌦ its (angular) fre-
quency. Since both the potential and the kinetic energy are
quadratic functions in time, the stationary Schrödinger equa-
tion in momentum and position space have the same form if
appropriate dimensionless variables are introduced,

�
00(⇠) +

✓
✏� ⇠

2

4

◆
�(⇠) = 0.

Here ✏ = E/~⌦ is the energy in units of ~⌦ and in the following
⇠ =

p
2/(~M⌦)p. The solution of the stationary Schrödinger

equation for an oscillator leads to the well-known equidistant
eigenvalue spectrum, En = (n + 1/2)~⌦, and the associated
eigenfunctions have the form

�m(⇠) = exp(�⇠
2
/4)Hem (⇠) /

p
m!,

where Hem(x) = Hm

�
x/

p
2
�
/
p
2m and Hm(x) are the Her-

mite polynomials [13].

The transition amplitudes and probabilities for the har-
monic oscillator can be computed analytically. Introducing
the dimensionless momentum transfer

y(q) =

r
2~
M⌦

q, [30]

Footline Author PNAS Issue Date Volume Issue Number 3

Wave functions for the  0➔3’ transition

Illustration - single harmonic oscillator

Transition probabilities

Franck-Condon picture of neutron scattering
Harmoic oscillator

E =
p
2

2m
+

1

2
m⌦2

x
2

Fs(q, t) =
1

Z

X

m,n

e
��~⌦(m+1/2)

e
i(n�m)⌦t

pmn(q),

pmn(q) = e
� y2

4 (�1)m+n
L
(n�m)
m

✓
y
2

4

◆
L
(m�n)
n

✓
y
2

4

◆

y(q) =

r
2~
M⌦

q

Textbook result (c.f. Lovesey)
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E = p2

2mǾ̈
T (p)

+ 1
2m⌦2x2

≠́Ø≠̈
V (x)
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En =
⇠
n + 1

2

⇡
`⌦
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amôn(q)2 = e*
y2
4 (*1)m+nL(n*m)

m

0
y2

4

1
L(m*n)
n

0
y2

4

1
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where L
(↵)
m (.) denote the generalized Laguerre polynomi-

als [13]. Relation [32] follows from the symmetry property

L
(n�m)
m (x) = L

(m�n)
n (x)(�x)m�n(n!/m!). A few examples for

the transition probabilities are given in Fig. 3.

With the above definitions, the intermediate scattering func-
tion takes the form

Fs(q, t) =
1
Z

X

m,n

e
��~⌦(m+1/2)

e
i(n�m)⌦t

pmn(q), [33]

and the partition function is given by Z = e
1
2�~⌦

/(e�~⌦ � 1).
The double series [33] can be summed up to (details are omit-
ted)

Fs(q, t) = e
i
y(q)2

4 (sin(⌦t)+i(1�cos(⌦t)) coth( �⌦~
2 ))

, [34]

which is equivalent with the formula stated in the classical
textbook by Lovesey [8].

It follows from (33) that the dynamic structure factor can
be written as a weighted double sum of Dirac distributions,
each corresponding to a transition Em ! En,

Ss(q,!) =
1
Z

X

m,n

e
��~⌦(m+1/2)

�
�
! � [n�m]⌦

�
pmn(q). [35]

Note that the usual form found in textbooks (see e.g. Ref. [8])
is derived from Expression (34), which leads to a weighted
single sum of Dirac lines.

Franck-Condon principle for continuous energy spectra
Formalism.We consider now the situation that the scattering
system under consideration has a continuous energy spectrum
and that its energy eigenstates |�(X)i are described by a set of
continuous real-valued variables X ⌘ {x1, . . . , xf}. It follows
then that

Ĥ|�(X)i = E(X)|�(X)i, [36]

where E(X) expresses the energy in the variables X. We as-
sume further that the eigenstates are normalized such that

h�(X 0)|�(X)i =
(
1 if X = X

0
,

0 otherwise.
[37]

The quantum states are counted via an appropriate density of
states, ⇢(X), such that m ! dm = ⇢(X)dfX etc., and it is
convenient to work with probability densities instead of prob-
abilities. The transition probability density is in particular
defined as

P (X 0|X,q) = ⇢(X 0)|a(X 0|X,q)|2, [38]

with

a(X 0|X,q) =

Z
d
3N

p�
⇤(p+ ~Q;X 0)�(p;X), [39]

and �(p;X) ⌘ hp|�(X)i, and it must fulfill the condition

P (X 0|X,0) = �(X �X
0). [40]
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Fig. 3. Probabilities pmn(y) for the transition m ! n of the harmonic oscil-

lator. The definition of y is given by Eq. [30].

Similarly, we define the equilibrium probability density

Peq(X) = ⇢(X)
e
��E(X)

Z
[41]

where Z =
R
d
f
X ⇢(X) exp(��E(X)). With these prerequi-

sites the intermediate scattering function takes the form

Fs(q, t) =

Z Z
d
f
Xd

f
X

0
Peq(X)

⇥ e
i(E(X0)�E(X))t/~

P (X 0|X,q), [42]

and the resulting dynamic structure factor reads

Ss(q,!) =

Z Z
d
f
Xd

f
X

0
Peq(X)P (X 0|X,q)

⇥ �(! � [E(X 0)� E(X)]/~), [43]

in analogy with [23]. The integration overX 0 can be performed
formally and yields

Ss(q,!) = ~
X

k

Z
dX Peq(X)

P (X 0
k(X,!)|X,q)

|rXE(Xk)|
, [44]

where X 0
k(.) denotes the ensemble of all roots solving the equa-

tion E(X 0) = E(X)+~! and rX is the gradient with respect
to X.

Ideal gas.The ideal gas is the simplest model system for a
system with a continuous distribution of quantum states. Be-
tween collisions individual molecules move freely, without the
influence of forces. The quantum state of a freely moving par-
ticle is characterized by the three components of its sharply
defined momentum, p0. The corresponding wave functions in
position space are plane waves, hx|�(p0)i / exp(ip0 · x) and
lead to a momentum representation of the form hp|�(p0)i =
�(p�p0). These wave functions have, however, the unpleasant
feature of being not square-normalizable and they are there-
fore not suited for the calculation of Franck-Condon type of
overlap integrals. For this reason the state of the scatter-
ing atom is described by a square-normalized Gaussian wave
packet of very small but finite width ✏ > 0,

�(p;p0) =
1

(2⇡✏2)3/4
e
� (p�p0)2

4✏2 , [45]

4 www.pnas.org/cgi/doi/10.1073/pnas.0709640104 Footline Author

Some transition probabilities as a function of momentum transfer

Franck-Condon picture of neutron scattering
Harmoic oscillator
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Quantum and classical picture of (quasi-)elastic scattering



Elastic scattering for a discrete energy spectrum
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The elastic intensity has not the factorised form as in classical 
statistical physics: 
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Elastic scattering in the picture of classical statistical physics
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Debye-Waller factors of quantum oscillators 

Definition of the DW factor
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Quantum versus classical Debye-Waller factor

Quantum mechanics:

Classical stat. physics:
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For anharmonic potentials, where Í�m Çx�mÎ is not constant, differences between the temperature
dependences of the quantum and classical Debye-Waller factors are also to be expected for high
temperatures.
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Anharmonic Morse potential1)

1) https://scipython.com/blog/the-morse-oscillator/



Elastic scattering and the dynamical transition in proteins 

Nature, 337(6209):754–756, Feb 1989
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(Quasi-)Elastic scattering for continuous energy spectra
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For a discrete energy spectrum the intermediate scattering function oscillates 
about this elastic amplitude and the dynamic structure factor is a line spectrum:
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Justification for a continuous spectrum of energies 
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• Each coherence volume is a small open
system which is thermostatted by the
sample.

• the neutrons see ˘ 1015 almost identi-
cal copies of the same system with a
slightly different energy spectrum.

If the energy differences Em+1 * Em in the co-
herence volumes are comparable to the statis-
tical variation �Em of its energy levels from
one copy to another, the energy spectrum
seen as a whole is continuous.



K. Hinsen and G. R. Kneller
J Chem Phys, 111(24):10766–10769, 1999

Quasi-continuous vibrational spectra of proteins



For a continuous energy spectrum (quasi-)elastic scattering is described by 
correlations for t → ∞:
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This is again not of the classical form
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The partial intermediate scattering functions Íe*iq�Çrj (0)eiq�Çrk(t)Î are
normal time correlation functions which do not fulfil the relation

Íe*iq�Çrj (0)eiq�Çrk(t)Î tôÿÌ Íe*iq�Çrj ÎÍeiq�ÇrkÎ

expected from classical statistical physics.
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Dynamic structure factor

Fourier-Laplace transform:

Regularised FT
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SUR UN MODE DE CROISSANCE RÉGULIÈRE.
THÉORÈMES FONDAMENTAUX;

PAR M. J. KARAMATA
( Beograd).

Dans ma Note intitulée Sur un mode de croissance régulière
des fonctions (Mathematica (Cluj), V. iv, ipSo^ p. 38-53), j'ai
défini un mode de croissance régulière, dont des cas particuliers
furent étudiés par divers auteurs cités dans ladite Note ( f ) .

Cette notion de régularité trouvant bien des applications dans
diverses questions relatives à l'étude des relations asymptotiques,
je voudrais reprendre ici les théorèmes fondamentaux. La démons-
tration de ces théorèmes, qui se trouve dans ma Note citée, étant
longue et assez confuse, M. Vilmos Schmidt a bien voulu me
signaler ( 2 ) qu'on peut y parvenir par une voie bien plus courte.
Cette méthode devient encore plus claire si Von remarque quelle
repose sur un théorème classique de Cauchy, comme je vais
l'exposer dans ce qui suit.

La notion de régularité, dont il est question ici, peut être
définie de la manière suivante :

Une fonction q{^\ définie pour tout -c^o, sera dite à crois-
sance régulière lorsque

< y ( . r ) > o , pour tout -P^O,
et lorsque

< D i ) ' — ^ - - > À ( < ) pour tout t > o. x-><x>.

( 1 ) On peut ajouter encore le travail de I. SCHUB, Zur Théorie der Cesàro-
schen und ffàlderschen Mittelwerte {Math. Zeit.^ t. îl, 1929, p. 391-407), se
rapportant en particulier aux suites à termes complexes, appeNes u Mittelfolgen ».
tandis que notre étude est faite entièrement dans le réel.

(a) Par une lettre datée du 5 octobre 1931.

Karamata’s theorem

Slowly growing/
varying function
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distinction between elastic (!=0) and quasielastic scattering (!
in the vicinity of 0). This has also been suggested in ref. 6, and
in the following, it will be shown that elastic and quasielastic
scattering are practically not separable for complex systems with
slow power-law relaxation. For this purpose, we consider an
intermediate scattering function of the form (the q-dependence
is dropped)

Fs(t)=EISF +(1�EISF )R(t), [55]

where 0<EISF < 1 due to elastic scattering and R(t) is a
relaxation function fulfilling R(0)= 1 and limt!1 R(t)= 0. The
dynamic structure factor in the vicinity of !=0 can then be
obtained on the basis of purely mathematical arguments and is
directly determined by the asymptotic form of the intermediate
scattering function for long times (see SI Appendix),

Ss(!)
!!0⇠ lim

✏!0+

1
⇡
<
⇢
Fs(1/(i!+ ✏))

i!+ ✏

�
. [56]

The parameter ✏> 0 can be thought of as instrumental resolution.
It follows from Eq. 56 that the ratio of quasielastic and elastic
scattering at !=0 is increasingly smaller for exponential than for
power law relaxation, as ✏ tends to 0. This indicates that these
components can be well separated in the first case and not well
in the second. To investigate the separability of the elastic and
quasielastic components of a neutron scattering spectrum for a
concrete example, we consider a relaxation function of the form

R(t)=E�(�(|t |/⌧)�), 0<� 1, [57]

where E�(.) is the Mittag–Leffler function (18). With this defini-
tion, R(t) smoothly interpolates between exponential relaxation
(�=1) and an asymptotic power-law decay if |t |� ⌧ for 0<�<
1, where R(t)⇠ (t/⌧)��/�(1��) for t � ⌧ . Detailed balance
effects are here neglected—that is, �~⌧ ⌧ . Fig. 4, Left shows a
plot of the dynamic structure factors for �=1 (blue line) and
�=0.7 (orange line), where in both cases EISF =0.3, ⌧ =1, and
✏=0.01. For �=1—that is, for exponential relaxation—one rec-
ognizes that the elastic peak is well separated from the broader
quasielastic (Lorentzian) profile and that this distinction disap-
pears for �=0.7, where the decay is nonexponential. Fig. 4,
Right displays the corresponding plot with a resolution ✏=0.001
and shows that the nonseparability of elastic and quasielas-
tic scattering persists with higher resolution for �=0.7, while
these components are even more clearly separated for �=1.
The nonseparability for �=0.7 follows from the self-similarity
of the dynamic structure factor for !⌧ ⌧ 1, which is, in turn,
a consequence of the power law decay of R(t) for t � ⌧ . This
illustration shows that elastic and quasielastic scattering from

complex systems with slow power law relaxation cannot be sep-
arated in real-life experiments. Therefore, the EISF should here
be part of a global model for both elastic and quasielastic scatter-
ing, either for a resolution-broadened dynamic structure factor
or for the corresponding resolution-deconvolved intermediate
scattering function.

A point of practical importance in this context is the treat-
ment of the !-asymmetry in QENS spectra, which is due to the
detailed balance relation of quantum time correlation functions
(this effect has not been considered in the above discussion).
The results of a recent paper on a “model-free” description of
neutron scattering from diffusing quantum particles (19) sug-
gests that Schofield’s semiclassical correction (20) Ss(q ,!)/
exp(�~!/2)S (cl)

s (q ,!) or, equivalently, Fs(q , t)/F
(cl)
s (q , t �

i�~/2) may be applied for modeling QENS experiments, using as
input only the asymptotic form of the classical intermediate scat-
tering function. The scattering functions must here be normal-
ized to ensure the normalization condition

R +1
�1 d! Ss(q ,!)=

1=Fs(q , 0), which is imposed by the probabilistic interpretation
(Eq. 54) of the dynamic structure factor.

Conclusions
In this paper, an interpretation of incoherent neutron scatter-
ing spectra has been presented in which probabilities for neutron
scattering-induced transitions between different quantum states
of the sample play a central role. The transition probabilities are
expressed as squared Franck–Condon-type overlap integrals of
corresponding eigenfunctions in momentum space, whose argu-
ments are shifted by the momentum transfer from the neutron
to the sample. A particular simple form of the dynamic struc-
ture factor is obtained if the quantum states are described by
a (quasi)continuous set of energy eigenvalues. In this case, the
dynamic structure factor is simply the thermally averaged tran-
sition probability density for energy transitions E !E + ~! and
a momentum transfer ~q. Corresponding consequences for the
interpretation of QENS data have been discussed, in particu-
lar the smooth transition from elastic to quasielastic scattering
for complex systems where the intermediate scattering function
slowly decays with a power law. The elastic and quasielastic
component of the scattering spectrum appear here as fused.

The theory connects Frauenfelder’s idea of an energy
landscape-based interpretation of neutron scattering experi-
ments, in particular the decomposition of QENS spectra into
“Mößbauer lines,” with standard scattering theory. It provides
moreover a physical interpretation for the complex quantum
version of the Van Hove correlation functions and shows in
particular that there exists a physical meaningful and intuitively
understandable relation between the quantum and the classical
version of the Van Hove functions.
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• The asymptotic form of F (t) for t ô ÿ deter-
mines symptotic form of S(!) for ! ô 0.

• For power law relaxation

�(t) = E↵(*(t_⌧)↵)
tôÿÌ (t_⌧)*↵

�(1 * ↵)

the elastic and quasi-elastic line are fused.
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Inferring S(!) for ! ! 0 from F (t) for t ! 1
G. R. Kneller, PNAS USA 115(38):9450–9455, 2018



Quasi-elastic “contamination” of the elastic line 

Exponential relaxation 

Power law relaxation

<latexit sha1_base64="QeYhhcNMKt1W48m3zrpN/CQLAgg="></latexit>

S(0)
Sel(0)

✏ô0Ì 1 + ✏↵
�(1 * ↵)

F (0) * F (ÿ)
F (ÿ)

<latexit sha1_base64="VSsiaUyDJH0ZsvG0g/BlWtg4rmY="></latexit>

S(0)
Sel(0)

✏ô0Ì 1 + e*1_✏ F (0) * F (ÿ)
F (ÿ)



Classical energy landscapes and 
non-exponential relaxation



Relaxation and time correlation functions have a multi-exponential form: 

For complex systems these functions decay for long times slowly with a power law 
and exhibit thus self-similarity:

Complex systems display multiscale self-similar relaxation
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Self-similar relaxation dynamics seen in CO-rebinding kinetics

Mittag-Leffler function
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“Stretched” ML function and relaxation rate spectrum
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Fractional differential equation 

Fractional derivative = memory effects

Mittag-Leffler relaxation function
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“Stretched” ML function and Fourier spectrum
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Asymptotic Analysis of Quasielastic Neutron Scattering Data from Human Acetylcholinesterase Reveals Subtle 
Dynamical Changes upon Ligand Binding

M. Saouessi, J. Peters, and G. R. Kneller
J. Chem. Phys., 150(16):161104, avril 2019
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Signature of functional enzyme dynamics in quasielastic neutron scattering spectra: The case of phosphoglycerate kinase
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The distribution barrier heights corresponds to a distribution of rates for kinetic 
processes and conformational relaxation.  

Relating relaxation rates to the “roughness” of a classical 
energy landscape 
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To relate barrier heights and relaxation rates, one needs a model.
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ABSTRACT Diffusion in a spatially rough one-dimension-
al potential is treated by analysis of the mean first passage
time. A general expression is found for the effective diffusion
coefficient, which can become very small at low temperatures.

This paper deals with diffusion in a rough potential. The
work was motivated in part by ideas of Frauenfelder and co-
workers concerning the dynamical behavior of proteins (for
a good summary with figures, see ref. 1). They suggest that
the potential surface of a protein might have a hierarchical
structure, with potential minima within potential minima,
etc. That is, the potential surface might be rough.
The treatment reported here of diffusion in a rough poten-

tial is restricted to one-dimensional systems and may not
have any immediate relevance to multidimensional protein
dynamics. However, the one-dimensional results seem inter-
esting in themselves. In particular, the roughness of a poten-
tial gives rise to a dramatic slowing down of diffusion at low
temperatures, especially when fluctuations in the potential
have a Gaussian distribution.
An example of what is meant by "rough" is shown in Fig.

1. This particular one-dimensional potential was constructed
from the arbitrarily chosen function

U(x) = x2 + 0.02(cos 167x + sin 73x).

x

FIG. 1. An example of a rough potential is shown. The potential
is given in Eq. 1 of the text.

tion determines the time (t) dependence of the probability
distribution p(x,t). It has the form

ap/at = -al/ax,

J = -De-U(x)a/axegu(x)p[1]

The general parabolic shape of the first term is clearly visi-
ble, but superimposed on it are many small potential barriers
distributed in a more or less random way. The amplitude E =
0.02 of the second term is a measure of the "roughness" of
the potential, a term which will be used here generally to
denote the characteristic energy scale E of the potential bar-
riers.
One expects that at very high temperatures, compared

with E, diffusion is essentially unaffected by the many small
barriers. But at temperatures that are small compared with E,
diffusion will be seriously hampered by having to cross over
the barriers. This is an important point made by Frauen-
felder and co-workers.
A rough potential U(x) has in general a smooth back-

ground U0(x) on which a rapidly, and perhaps randomly, os-
cillating perturbation Uj(x) is superimposed. The perturba-
tion has a typical amplitude E and a typical length scale Ax.
When U(x) is spatially averaged over Ax, the perturbation is
eliminated and only the smooth background remains. In the
given example, the length scale Ax is of the order of 0.1.
We are concerned only with diffusion on a much larger

length scale than Ax. This separation of the length scale of
roughness and the length scale of observed motion is essen-
tial to the following discussion. The results make sense only
if many fluctuations in roughness take place in the distance
of interest.
Brownian motion or diffusion of a system in a potential

U(x) is described by the Smoluchowski equation. This equa-

[2]

[3]

in which J is a current density, D is a diffusion coefficient,
and /3 = 1/kBT, where T is the temperature.
When the potential U is smooth, solution of the Smolu-

chowski equation is straightforward (although numerical
methods may be required). But when the potential is rough,
standard procedures are not so useful. This paper presents
an approximate treatment of diffusion in a rough one-dimen-
sional potential. The approach taken is an extension of some
old work of Lifson and Jackson (2). It makes use of an ana-
lytic expression for the mean first passage time (mfpt) to
move from one position to another. The main result is that
the original diffusion coefficient D is replaced by an effec-
tive diffusion coefficient D*, and the original potential U(x)
is replaced by an effective smooth potential U*(x). D* and
U* may depend very strongly on temperature, and D* may
be very much smaller than D. Illustrations will be given lat-
er.
We start with a familiar expression (2, 3) for the mean time

required for a system starting out at x0 to reach x for the first
time. This is the mfpt and is denoted by (t,x). For technical
reasons that are not relevant to the present discussion, we
assume that there is a reflecting barrier at some location x =
a. For convenience we consider only a <xO < x. The argu-
ment that follows does not depend critically on the values xo,
x, and a as long as all distances involved are large compared
with the length scale of the roughness. The mfpt is found by
solving the differential equation

e1u(x)a/axDe-&1u(x)a/ax(tx) = -1

Abbreviation: mfpt, mean first passage time.
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with an absorbing boundary condition at x = x0. The solution
is

t x dy
(t,x) = dy eQu(y) (1/D) Jdz e- u(z). [5]

amount q-/p. Also, the effective diffusion coefficient is in-
dependent of coordinate, D* = De-+ e-

If, for example, the perturbation is simply Ul(x) = Ecos(qx),
then by integration over one period we obtain

Observe that the integrations in this formula have the effect
of spatial averages. That is, the integral over a small dis-
tance Ax may be approximated by

f dz e-PU(z) f dz e-PU(z)(e-PU(z)) [6]

in which ( ) denotes the spatial average used to smooth the
potential. The average of the exponential can still be a func-
tion of the coordinate z, if the amplitude of the fluctuations
in U1 varies with z. For this reason, we denote the average
by

(ePU(z)) = e*l(Z). [7]

Exactly the same approximation may be applied to the inte-
gration over y, with the definition

en = enI = Io(13E) [14]

in which Io(P8 e) is the modified Bessel function. This leads to
a well-known result (4) in the case where the background
potential is completely flat. At low temperatures, where
e/kBTis very large, the Bessel function grows exponentially,
so that D* is proportional to exp(-2E/kBT). This Arrhenius
behavior is due to slow hopping between the many minima in
the rough potential.

In another quite interesting example, suppose that the am-
plitude of the roughness is random and independent of x. In
particular, suppose that it has a Gaussian distribution, with a
probability proportional to exp(- U1/2E2) in which E is the
root-mean-squared roughness, E2 = (U2). Then by direct in-
tegration one finds

e = e = eP2E2/2 [15]

and the effective diffusion coefficient is

D* = D exp[-(e/kBT)2].
The result of the smoothing is the modified mfpt given by~~~~~~~~~~Y

(t~x)- dy euo(y)+*+(Y) (1/D) Idz e-PU° (z)+* (Z). [9xo ~~~~~~~~~a
But by working backwards, we can see that this result is
actually the mfpt for Brownian motion in the effective poten-
tial

U*(x) = Uo(x) - qf(x)/p, [10]

with the effective diffusion coefficient given by

1/D*(x) = ehI+(X)(1/D)e*J(x). [11]

The corresponding effective Smoluchowski equation, valid
only for distances much larger than the characteristic length
scale of the fluctuations in U, is expected to be

ap/at = -a/ax, [12]
J =-D*(x)e-U*(x)a/axeP]*(x)p. [13]

However, this is only a conjecture; there is no direct deriva-
tion of the effective Smoluchowski equation for a rough po-
tential. All that we can say is that the mfpt predicted by this
effective Smoluchowski equation agrees with the mfpt ob-
tained by the spatial averaging process. (Actually, a similar
argument can be made for higher moments of the first pas-
sage time distribution. They also are determined by D* and
U*. So the conjecture is likely to be true.)

If the amplitude of the roughness does not depend on the
coordinate, then U* is U0 shifted by an irrelevant constant

This quadratic temperature dependence is significantly
stronger than in the case of periodic roughness.

All of the preceding discussion was for one-dimensional
diffusion. Unfortunately, there seems to be no generaliza-
tion to higher dimensionalities of the approach used here
(however, see ref. 5 for an attempt in this direction). This is
especially sad because the potential surface of a protein mol-
ecule is surely multidimensional. One may conjecture that
something like what is seen in one dimension will also be
seen in higher dimensions; but this calls for further theoreti-
cal treatment.
The procedure followed here is a simple extension of the

one used by Lifson and Jackson (2). A treatment due to De
Gennes (6) of diffusion in a particular kind of random poten-
tial is similar to this one.
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Energy landscapes - a kinetic picture of protein 
dynamics and kinetics

x

E(x)

“Conformational substates”

The protein jumps between different minima of the highly multidimensional (free) energy landscape 
which correspond to similar “conformational substates” (H. Frauenfelder et al, Science 254, 1598 (1991)). 

Protein dynamics through jump kinetics



Conformational substates

Non-exponential 
rebinding kinetics of CO
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Energy barrier distribution
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Diffusion in a rough potential
ROBERT ZWANZIG
University of Maryland, College Park, MD 20742

Contributed by Robert Zwanzig, December 14, 1987

ABSTRACT Diffusion in a spatially rough one-dimension-
al potential is treated by analysis of the mean first passage
time. A general expression is found for the effective diffusion
coefficient, which can become very small at low temperatures.

This paper deals with diffusion in a rough potential. The
work was motivated in part by ideas of Frauenfelder and co-
workers concerning the dynamical behavior of proteins (for
a good summary with figures, see ref. 1). They suggest that
the potential surface of a protein might have a hierarchical
structure, with potential minima within potential minima,
etc. That is, the potential surface might be rough.
The treatment reported here of diffusion in a rough poten-

tial is restricted to one-dimensional systems and may not
have any immediate relevance to multidimensional protein
dynamics. However, the one-dimensional results seem inter-
esting in themselves. In particular, the roughness of a poten-
tial gives rise to a dramatic slowing down of diffusion at low
temperatures, especially when fluctuations in the potential
have a Gaussian distribution.
An example of what is meant by "rough" is shown in Fig.

1. This particular one-dimensional potential was constructed
from the arbitrarily chosen function

U(x) = x2 + 0.02(cos 167x + sin 73x).

x

FIG. 1. An example of a rough potential is shown. The potential
is given in Eq. 1 of the text.

tion determines the time (t) dependence of the probability
distribution p(x,t). It has the form

ap/at = -al/ax,

J = -De-U(x)a/axegu(x)p[1]

The general parabolic shape of the first term is clearly visi-
ble, but superimposed on it are many small potential barriers
distributed in a more or less random way. The amplitude E =
0.02 of the second term is a measure of the "roughness" of
the potential, a term which will be used here generally to
denote the characteristic energy scale E of the potential bar-
riers.
One expects that at very high temperatures, compared

with E, diffusion is essentially unaffected by the many small
barriers. But at temperatures that are small compared with E,
diffusion will be seriously hampered by having to cross over
the barriers. This is an important point made by Frauen-
felder and co-workers.
A rough potential U(x) has in general a smooth back-

ground U0(x) on which a rapidly, and perhaps randomly, os-
cillating perturbation Uj(x) is superimposed. The perturba-
tion has a typical amplitude E and a typical length scale Ax.
When U(x) is spatially averaged over Ax, the perturbation is
eliminated and only the smooth background remains. In the
given example, the length scale Ax is of the order of 0.1.
We are concerned only with diffusion on a much larger

length scale than Ax. This separation of the length scale of
roughness and the length scale of observed motion is essen-
tial to the following discussion. The results make sense only
if many fluctuations in roughness take place in the distance
of interest.
Brownian motion or diffusion of a system in a potential

U(x) is described by the Smoluchowski equation. This equa-

[2]

[3]

in which J is a current density, D is a diffusion coefficient,
and /3 = 1/kBT, where T is the temperature.
When the potential U is smooth, solution of the Smolu-

chowski equation is straightforward (although numerical
methods may be required). But when the potential is rough,
standard procedures are not so useful. This paper presents
an approximate treatment of diffusion in a rough one-dimen-
sional potential. The approach taken is an extension of some
old work of Lifson and Jackson (2). It makes use of an ana-
lytic expression for the mean first passage time (mfpt) to
move from one position to another. The main result is that
the original diffusion coefficient D is replaced by an effec-
tive diffusion coefficient D*, and the original potential U(x)
is replaced by an effective smooth potential U*(x). D* and
U* may depend very strongly on temperature, and D* may
be very much smaller than D. Illustrations will be given lat-
er.
We start with a familiar expression (2, 3) for the mean time

required for a system starting out at x0 to reach x for the first
time. This is the mfpt and is denoted by (t,x). For technical
reasons that are not relevant to the present discussion, we
assume that there is a reflecting barrier at some location x =
a. For convenience we consider only a <xO < x. The argu-
ment that follows does not depend critically on the values xo,
x, and a as long as all distances involved are large compared
with the length scale of the roughness. The mfpt is found by
solving the differential equation

e1u(x)a/axDe-&1u(x)a/ax(tx) = -1

Abbreviation: mfpt, mean first passage time.
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Integrate the momentum transfer q

Distribution of barrier heights

is that it decreases with temperature and with q. This can be understood since lowering the

temperature means slowing down the dynamics and since higher values of q probe increas-

ingly more localized and faster motions. The form parameter, –, of the relaxation function

varies, in contrast, weakly with temperature and increases with q to values close to 1, indi-

cating a close to exponential relaxation for localized motions. The particularly interesting

result is that the relaxation dynamics of MBP in the two solvents becomes similar with

increasing the temperature and is practically identical at 323 K. The observation is coherent

with the observation that both the hydrodynamic radii and the content and composition

–-helices and —-strands are comparable. We also see that the coagulation of MBP, which is

found by DLS in Solvent I at 323 K and certainly present in the QENS samples of higher

concentration, has no influence on the internal dynamics of the protein.

Concerning the EISF parameter, we observe that it is generally close to zero for the ac-

cessible q-range, except for Solvent II at 283 K and small q-values, which indicates that at

low temperatures Solvent II hinders somewhat more large-amplitude motions compared to

Solvent I. We note in this context that EISFs are not systematically small for our model

and refer to recent work on a QENS data analysis from hydrated powders of human acetyl-

cholinesterase,19,20 which is an enzyme with a well-defined structure. Here the EISF was

found to be clearly non-zero, as one would expect for such a protein which is more compact

and such a sample, where global protein motions are prevented.

To complement the discussion of the fit parameters we show in Fig. 6 the corresponding

relaxation rate spectra, p(⁄), which are defined through Eq. (37)). For both solvents and all

temperatures we observe that the peak of the relaxation rate spectrum shifts to higher values

with increasing q, and its width decreases. This reflects the fact the the form parameter

– approaches 1 with increasing q, noting that – = 1 corresponds to exponential relaxation

and a perfectly monodisperse relaxation rate spectrum of the form p(⁄) = ”(⁄ ≠ 1/·); We

are now in the position to give a physical interpretation of the form parameter –, referring

to the concept of protein energy landscapes proposed by Frauenfelder and collaborators.13

Proceding as in Ref. [19], we consider the variable

”›(q, t) = ›(q, t) ≠ È›(q, t)Í, where ›(q, t) = eiq·Rj(t), (46)

which is the spatial Fourier transform of the atomic density ”(r ≠ Rj(t)) of atom j, and

assume that the dynamics of ”›(q, t) can be modeled as a fractional Ornstein-Uhlenbeck
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Signature of functional enzyme dynamics in quasielastic neutron scattering spectra: The case of phosphoglycerate kinase
A. N. Hassani, L. Haris, M. Appel, T. Seydel, A. M. Stadler, and G. R. Kneller
The Journal of Chemical Physics, 159(14):141102, 2023

Barrier distribution for PGK in presence and 
absence of reactants (orange and blue 
surfaces)



QENS from a particle in a simplified but true quantum “energy landscape”
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Approximate solution of the Schrödinger equation 
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Neutron intermediate scattering function
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Background of Wigner distributions
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Correlations in Space and Time and Born Approximation Scattering in Systems
of Interacting Particles

LEON VAN HOVE
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A natural time-dependent generalization is given for the well-known pair distribution function g(r) of
systems of interacting particles. The pair distribution in space and time thus defined, denoted by G(r, t),
gives rise to a very simple and entirely general expression for the angular and energy distribution of Born
approximation scattering by the system. This expression is the natural extension of the familiar Zernike-
Prins formula to scattering in which the energy transfers are not negligible compared to the energy of the
scattered particle. It is therefore of particular interest for scattering of slow neutrons by general systems of
interacting particles: G is then the proper function in terms of which to analyze the scattering data.
After defining the G function and expressing the Born approximation scattering formula in terms of it,

the paper studies its general properties and indicates its role for neutron scattering. The qualitative behavior
of G for liquids and dense gases is then described and the long-range part exhibited by the function near the
critical point is calculated. The explicit expression of G for crystals and for ideal quantum gases is brieRy
derived and discussed.

I. INTRODUCTION
" 'N two special cases, the 6rst Born approximation for
~ - the scattering of x-rays or particles by a system S
of interacting particles is known to express the differ-
ential cross section in terms of simple density distribu-
tion functions for the particles of S.
(i) If S is in a pure quantum state and if this state

does not change in the scattering process, the latter is
elastic and the differential cross section is expressible in
terms of the density distribution p(r) for one particle
of the system (supposed for simplicity to be composed of
identical particles). This applies for example to the
elastic scattering of x-rays or electrons by the electrons
of an atom''
(ii) If the energy transfers occurring in the scattering

process are negligible compared to the energy of the
scattered photon or particle, the momentum transfer is
essentially unique for each scattering angle and the dif-
ferential cross section per unit angle is expressible in
terms of the pair distribution function g(r) of 8, which
describes the average density distribution as seen from
a particle of the system. This is the so-called static ap-
proximation which applies, for example, to the sum of
elastic and inelastic scatteririg of x-rays and electrons
by the electrons of an atom, '4 as well as to that part of
the scattering of x-rays by solids, liquids, and gases
which leaves the atomic quantum states unchanged. ' '
The purpose of the present paper is to show that in

Born approximation the scattering cross section is
always expressible in terms of a suitably generalized
pair distribution function G(r, t) depending on a space
vector r and a time interval t, and to study this function

' I. Wailer, Z. Physik 51, 213 (1928).
s N. F. Mott, Proc. Roy. Soc. (London) A127, 658 (1930).
e I. Wailer and D. R. Hartree, Proc. Roy. Soc. (London) A124,

119 (1929).' P. M. Morse, Physik. Z. 33, 443 (1932).'I. Wailer, dissertation, Uppsala, 1925 (unpublished).
6 F.Zernike and J.Prins, Z. Physik 41, 184 (1927);P. Debye and

H. Memke, Ergeb. Tech. Rontgenk. II (1931).

in some detail for a number of systems. For scattering
theory this would be of rather academic interest in
connection with x-ray scattering, for which the condi-
tions of case (ii) above are usually well fulfilled. The
same hoMs for electrons, for which, however, the Born
approximation is of much more limited applicability
than for x-rays, For slow neutrons, on the contrary,
(wavelength &1A) now used in a rapidly growing
variety of scattering experiments, ~ the energy transfers
are usually comparable to or larger than the incident
energy, whereas the first Born approximation holds
quite well provided the neutron-nucleus interaction is
described by means of the Fermi pseudopotential. The
need has thus arisen for an improvement of the static
approximation for scattering by general systems, and
correction terms valid at relatively high neutron ener-
gies have been calculated by Placzek and by Kick.' We
present here a general solution to this problem, ap-
plicable at all neutron energies, by describing the Born
approximation scattering in terms of the time-de-
pendent pair-distribution function G.
Furthermore, the fact that 6 has often, even for

complicated systems, a number of qualitative properties
which are easy to visualize, makes it in many cases a
practical tool for the discussion of scattering experi-
ments. Its use for the analysis and interpretation of
experimental data has been illustrated elsewhere on
the case of slow neutron scattering by ferromagnetic
crystals. 9
The generalized pair-distribution function G(r, t), to

which neutron scattering gives direct experimental
access, turns out to be a very natural extension of the
conventional g(r) function. Independently of its use in
scattering theory, it is of genuine interest from the
general standpoint of statistical mechanics. Its physical
r See, e.g., D. J. Hughes, Pde Neutrou Research (Addison-

Wesley Publishing Company Cambridge, 1953).
e G. Placzek, Phys. Rev. 86, 377 (1952);G. C.Wick, Phys. Rev.

94, 1228 (1954).' L. Van Hove, Phys. Rev. 93, 268 (1954).
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Synopsis 
Afte r  recal l ing the  classical work  of Z e r n i k e  and P r i n s  on the  pair  d is t r ibut ion  

funct ion  of a l iquid or  gas and its role in X- r ay  sca t ter ing  theory,  one brief ly discusses 
the  t ime-dependen t  general izat ion of this  d is t r ibut ion  function,  which is of special 
in teres t  for neu t ron  scat ter ing.  In  line wi th  an earlier resul t  of F a n o ,  one shows t h a t  
the  imag ina ry  pa r t  of the  t ime-dependen t  pair  d is t r ibut ion  .directly describes the  local 
dens i ty  change produced in a l iquid or  gas by  the  presence of a neutron.  

1. The time-dependent pair distribution. In a classical paper of 1927 
entitled: "Die Beugung von R5ntgenstrahlen in Fliissigkeiten als Effekt 
tier Molekiilanordnung", Z e r n i k e  and P r in s  introduced the concept of 
pair distribution function in a liquid or gas and showed that this function 
gives an exhaustive description of the influence of molecular order on X-ray 
scattering by the system 1). 

The pair distribution function for a system of N identical particles is 
defined by 

~. g(r) -:  N-1 < X j ~  ~(r + rz - rj)> (1) 

where rl  . . . .  fly are the position vectors of the particles and <...> desig- 
nates the average value for the statistical ensemble representing the state 
of the system. If the scattering by individual atoms or molecules is known, 
the function g(r) completely determines the differential cross section for 
X-ray scattering by the system and, conversely, it is entirely determined 
by it (with the obvious limitations following from the inaccuracy of the 
measurements). These facts, established by Z e r n i k e  and Prins ,  are valid 
under two important conditions, which are both very well fulfilled for X-ray 
scattering: the scattering must be describable by the first Born approxima- 
tion, and the frequency change of the radiation (i.e. the energy change of 
the photons) must be negligible compared to the incident frequency (or 
photon energy). 

An actual calculation of the pair distribution is only possible for very 
special systems like one-dimensional models, already considered as illus- 

- -  404 - -  

Physica, vol. 24, no. 1, pp. 404–408, 1958.

Van Hove’s theory of neutron scattering
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Only in the classical framework the VH 
function G(r,t) has the meaning of a pair 
distribution in space and time.  
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• For the tunnelling particle:

• For a classical particle (Hamiltonian mechanics)
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From Hamiltonian dynamics



Van Hove function 
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G1(x, t) í Im[G(x, t)]

Physica, 24(1):404–408, 1958

The imaginary part of the VH function 
determines the density perturbation induced 
by the neutron kick.



Mean squared displacement
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Details for the real part1
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In physical units:

Zero-point fluctuation of 
the quantum oscillator 
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The impact of damping/dissipation….
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Recoil in QENS

Recoil moment 

2

Usually the dynamic structure factor is denoted by
S(q, Ê), but we use the symbol F̃ (q, Ê) to label Fourier
transforms in a uniform way. The scattering-related
quantities are, respectively, the momentum and energy
transfer from the neutron to the sample, q and Ê, in units
of ~, N is the total number of atoms in the scattering
system and for each pair {j, k} of them, {R̂j(t), R̂k(t)}
denote the associated time-dependent position operators.
The symbol È. . .Í stands for a quantum ensemble average
and the weighting factors �jk have the form

�jk = bj
ú
bk + ”jk|bj ≠ bj |2, (3)

where bj and bk are the (complex) scattering lengths1,17

of the atoms j and k, respectively. For a given atom the
average runs over all isotopes and combinations of the nu-
clear and neutron spins and we note that bj,coh © bj and
bj,inc © (|bj ≠ bj |2)1/2 are, respectively, the coherent and
incoherent scattering lengths of atom j. Coherent and in-
coherent scattering probe, respectively, the collective and
average single atom dynamics of the system under con-
sideration, but since these scattering types are not sepa-
rable without special spin-polarization experiments,18–20

we will not explicitly distinguish between them.
The intermediate scattering function fulfills the sym-

metry relations of a quantum time correlation function,

F
ú(q, t) = F (q, ≠t), (4)

F (q, ≠t) = F (≠q, t + i—~), (5)

where — = 1/kBT is the inverse Boltzmann temperature.
For the dynamic structure factor Eq. (5) translates into

F̃ (q, Ê) = e
—~Ê

F̃ (≠q, ≠Ê), (6)

which is the well-known detailed-balance relation.

B. Elastic and inelastic scattering

Noting that

e
iq·R̂j(t) =

⁄
d

3
r exp(≠iq · r)”(r ≠ R̂j(t))

is the spatially Fourier-transformed single particle den-
sity for atom j, we introduce the deviation of this quan-
tity with respect to its mean value,

”fl̃k(q, t) = e
iq·R̂j(t) ≠

e
e

iq·R̂j(t)
f

, (7)

to split the intermediate scattering function into a static
and a time-dependent component,

F (q, t) = F (q, Œ) + ”F (q, t), (8)

which are given by

F (q, Œ) = 1
N

ÿ

j,k

�jk

e
e

iq·R̂j

fú e
e

iq·R̂k

f
, (9)

”F (q, t) = 1
N

ÿ

j,k

�jk

e
”fl̃

†
j(q, 0)”fl̃k(q, t)

f
. (10)

Making the the physically reasonable assumption

lim
tæŒ

”F (q, t) = 0, (11)

shows that F (q, Œ) is the asymptotic form of the in-
termediate scattering function and it follows by Fourier
transform of Eq. (8) that

F̃ (q, Ê) = F (q, Œ)”(Ê) + ”F̃ (q, Ê). (12)

Therefore F (q, Œ) represents the elastic amplitude of the
Fourier spectrum and ”F̃ (q, Ê) its inelastic component.
Here “inelastic” is to be understood as “non-elastic” and
includes also the quasielastic component of the spectrum,
which is very close to the elastic line and describes relax-
ation and di�usion processes.

C. Generic form of the scattering functions

For modeling purposes it is convenient to introduce the
normalized relaxation function

„(q, t) = ”F (q, t)/”F (q, 0), (13)

noting that this function does not monotonously decay
for short times. This leads to the generic form

F (q, t) = F (q, Œ) + (F (q, 0) ≠ F (q, Œ))„(q, t) (14)

of the intermediate scattering function which translates
into the corresponding generic form

F̃ (q, Ê) = F (q, Œ)”(Ê)
+ (F (q, 0) ≠ F (q, Œ))„̃(q, Ê) (15)

of the dynamic structure factor. We note that

F (q, 0) = 1
N

ÿ

j,k

�jk

e
e

iq·(R̂k≠R̂j)
f

(16)

is the total static structure factor, which tends for q ©
|q| æ Œ to a constant value,

lim
qæŒ

F (q, 0) = 1
N

ÿ

k

�kk, (17)

and oscillates for smaller q-values around that constant.
For modeling purposes it is convenient to normalize the
intermediate scattering function such that

1
N

ÿ

k

�kk = 1. (18)

D. Hydrogen-rich systems

We finally consider the frequent of case of neutron scat-
tering from hydrogen-rich systems, such as proteins and
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transforms in a uniform way. The scattering-related
quantities are, respectively, the momentum and energy
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system and for each pair {j, k} of them, {R̂j(t), R̂k(t)}
denote the associated time-dependent position operators.
The symbol È. . .Í stands for a quantum ensemble average
and the weighting factors �jk have the form

�jk = bj
ú
bk + ”jk|bj ≠ bj |2, (3)

where bj and bk are the (complex) scattering lengths1,17

of the atoms j and k, respectively. For a given atom the
average runs over all isotopes and combinations of the nu-
clear and neutron spins and we note that bj,coh © bj and
bj,inc © (|bj ≠ bj |2)1/2 are, respectively, the coherent and
incoherent scattering lengths of atom j. Coherent and in-
coherent scattering probe, respectively, the collective and
average single atom dynamics of the system under con-
sideration, but since these scattering types are not sepa-
rable without special spin-polarization experiments,18–20

we will not explicitly distinguish between them.
The intermediate scattering function fulfills the sym-
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transform of Eq. (8) that
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Therefore F (q, Œ) represents the elastic amplitude of the
Fourier spectrum and ”F̃ (q, Ê) its inelastic component.
Here “inelastic” is to be understood as “non-elastic” and
includes also the quasielastic component of the spectrum,
which is very close to the elastic line and describes relax-
ation and di�usion processes.

C. Generic form of the scattering functions

For modeling purposes it is convenient to introduce the
normalized relaxation function

„(q, t) = ”F (q, t)/”F (q, 0), (13)

noting that this function does not monotonously decay
for short times. This leads to the generic form
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D. Hydrogen-rich systems
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tering from hydrogen-rich systems, such as proteins and



Dynamic structure factors and resolution-corrected intermediate scattering functions for myoglobin in solution
Data from A. M. Stadler, M. M. Koza, and J. Fitter, J. Phys. Chem., 119(1):72–82, 2015
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where r̂↵ are the position operators of the atomic nuclei and
q = (p0 � p)/~ and ! = (E0 � E)/~ denote, respectively,
the momentum and energy transfer from the neutron to the
sample in units of ~. The weighted sum of time correlation
functions, F(q, t), is the intermediate scattering function and
the weighting factors are related to the coherent and inco-
herent scattering lengths of the atoms, �↵� = b

⇤
↵,cohb�,coh +

�↵� |b↵,inc|2. The latter are in general complex and deter-
mine the corresponding total neutron scattering cross sections
through �↵ = 4⇡(|b↵,coh|2 + |b↵,inc|2).

In the following it will be for simplicity assumed that the
sample under consideration contains a large amount of hy-
drogen atoms, which is typical for proteins and soft matter
systems in general. It will also be assumed that the hydrogen
atoms in the system under consideration are physically equiva-
lent. Since incoherent scattering from hydrogen dominates by
far all other contributions [8, 9], the intermediate scattering
function can then be approximated by

F(q, t) ⇡ |bH,inc|2Fs(q, t), [4]

where Fs(q, t) is the self-part of one “representative” scatter-
ing atom (arbitrarily chosen to be ↵ = 1),

Fs(q, t) =
D
e
�iq·r̂1(0)

e
iq·r̂1(t)

E
. [5]

Analogously to [2] we introduce the corresponding dynamic
structure factor through

Ss(q,!) =
1
2⇡

Z +1

�1
dt e

�i!t
Fs(q, t), [6]

and the rest of the paper will be devoted to the discussion of
Fs(q, t) and Ss(q,!).

Wick’s form of the intermediate scattering function. In an
early paper on neutron scattering theory, GC Wick used an
elegant trick to cast the intermediate scattering function into
a form which emphasizes the kinematics of the scattering pro-
cess [10]. The trick is based on the fact that position operators
are generators for translations in momentum space (and vice
versa). Applied to the intermediate scattering function it leads
to the identity

Fs(q, t) =
1
Z
tr
n
e
��Ĥ

e
�iq·r̂

e
itĤ/~

e
iq·r̂

e
�itĤ/~

o

=
1
Z
tr
n
e
��Ĥ

e
itĤ

0(q)/~
e
�itĤ/~

o
, [7]

where Ĥ is the Hamilton operator of the sample and Ĥ
0(q)

is obtained by shifting the momentum of the scattering atom
by ~q,

Ĥ =
NX

↵=1

p̂2
↵

2m↵

+ V (r̂1, . . . , r̂N ) , [8]

Ĥ
0(q) =

NX

↵=1

(p̂↵ + �1↵~q)2
2m↵

+ V (r̂1, . . . , r̂N ) . [9]

As usual, V (.) denotes the potential energy and

Z = tr{e��Ĥ} [10]

is the partition function. Here � = (kBT )
�1, with kB being

the Boltzmann constant and T the absoute temperature. The
Hamilton operator Ĥ

0(q) carries thus the “kick” which the
scattering atom receives from the scattered neutron.

ω

S(q,ω)

Fig. 1. Sketch of a Franck-Condon type line spectrum for neutron scattering.

The slight asymmetry indicates the detailed balance relation.

Recoil e↵ects.Defining the frequency moments of the dynamic
structure factor through

h!ni ⌘
Z +1

�1
d! !

n
Ss(q,!) = (�i)n @

n

t Fs(q, t)|t=0 , [11]

it follows directly from Wick’s form of the intermediate scat-
tering function that

h!i = ~|q|2
2M

. [12]

The short time behavior of the intermediate scattering func-
tion is thus entirely determined by the scattering kinematics
and Expression (12) is the so-called recoil moment.

Franck-Condon principle for discrete energy spectra
Formalism.Suppose now that the eigenvalue spectrum of Ĥ

is discrete, such that Ĥ|�ni = En|�ni (n = 0, 1, 2, . . .) and
|�ni form a basis in a corresponding Hilbert space of square-
integrable functions. The eigenstates of the perturbed Hamil-
tonian, Ĥ 0(q), here denoted as |�0

n(q)i, constitute another ba-
sis and it follows from the completeness of the two bases that
the intermediate scattering function can be formally expressed
as

Fs(q, t) =
1
Z

X

m,n

e
��Em

e
i(E0

n�Em)/~ |amn(q)|2 , [13]

where
amn(q) = h�0

n(q)|�mi [14]

are the projections of the perturbed eigenstates onto the un-
perturbed ones.

The transition amplitudes amn(q) take a particularly sim-
ple form if one works in momentum space representation,
where momentum operators are replaced by normal vectors,
p̂↵ ! p↵, and position operators by di↵erential operators,
x̂↵ ! i~@/@p↵. The Hamiltonian takes here the form

Ĥ =
NX

↵=1

|p|2↵
2m↵

+ V (i~@/@p1, . . . i~@/@pN ) [15]

and one sees immediately that the eigenfunctions of the shifted
version have the same functional form as those of the original
one. Defining �m(p) ⌘ hp|�mi to be the the eigenfunctions of
the unperturbed Hamiltonian in momentum space, we have

Ĥ�n(p) = En�n(p), [16]

Ĥ
0(q)�n(p+ ~Q) = En�n(p+ ~Q). [17]

2 www.pnas.org/cgi/doi/10.1073/pnas.0709640104 Footline Author
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Not accessible to classical simulations: The effective mass



-2 -1 0 1 2

-0.002

-0.001

0.000

0.001

0.002

t [ps]

Im
{F
[q
,t]
}

Q = 0.6 Å-1

-2 -1 0 1 2
-0.006
-0.004
-0.002
0.000
0.002
0.004
0.006

t [ps]
Im

{F
[q
,t]
}

Q = 1. Å-1

-2 -1 0 1 2

-0.010

-0.005

0.000

0.005

0.010

t [ps]

Im
{F
[q
,t]
}

Q = 1.4 Å-1

-2 -1 0 1 2
-0.02

-0.01

0.00

0.01

0.02

t [ps]

Im
{F
[q
,t]
}

Q = 1.8 Å-1

Im [F(q,t)] with and without zero-padding of the experimental input spectra (orange & blue lines, respectively):

The oscillations are due to the frequency cutoff window of the instrument
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Effective atomic recoil masses for myoglobin in solution

Without zero-padding of the spectra With zero-padding of the spectra
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meff = 58.7297 u

Average side-chain mass in proteins: 54–55 u.
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• Neutrons “see” quantum states and not trajectories. 

• Neutrons are wave packets and probe small systems (<108 atoms) which are 
thermostatted by the environment (→ open systems, relaxation). 

• The quantum mechanical and classical interpretation of (quasi-)elastic scattering from 
proteins lead a priori to different functional dependencies on temperature. 

• Tunnelling in “rugged” quantum energy landscapes should be considered as a 
fundamental process in protein dynamics and folding.  

• Recoil in QENS is a very small but exploitable effect.

Conclusions 



The universe can only be understood after learning the 
language and becoming familiar with the characters in which it is 
written. It is written in mathematical language, and the letters are 
triangles, circles, and other geometric figures, without which it is 
humanly impossible to understand a single word. 

Galileo Gallilei, 1623 treatise Il Saggiatore (The Assayer)


