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¢ Elements of neutron scattering theory

e | inking MD simulations and neutron scattering
e Basic analysis of MD simulations

e Modeling MD time series and correlation functions



Flements of neutron scattering theory

Properties of the neutron

he neutron is a particle of mass m = 1.6749 x 10~2"kg with zero
charge. A free neutron is not stable and decays after a mean life
time of 885.6s into a proton, an electron, and an electronic
anti-neutrino,

n—- p+ + e + Ve.

A thermal neutron is a non-relativistic article of thermal energy,
E ~ kg T. ! After its generation by nuclear fission or a spallation
process, it attains this energy after multiple collisions with the
atoms of a moderator (H,0, D,0,...) at temperature T.



Wave length of thermal neutrons

Using the De Broglie relations?

27

5:h/:7 ‘E‘:Tv

one finds for E = p2/2m = kg T et T = 300K a wavelength of

A =1.778A.

The wave length is this compatible with typical interatomic
distances between the atoms in condensed matter systems. Since
E ~ kg T s comparable with their energy, thermal neutron
scattering is a unique tool for studying the structure and the
dynamics of condensed matter.

°h = h/(2m) = 1.05457 x 10°* Js is the reduced Planck constant.



Interaction of neutrons with matter

Neutrons interact with matter primarily through a short-ranged
(fm) neutron-nucleus interaction, which is described through

Fermi's pseudo-potential,

B 27 h?
m

T

b&(7 — R).

Here 7 and R is, respectively, the position operator of the neutron
and the nucleaus of the scattering atom and the (generally
complex) scattering length b takes values in the fm range. It
depends on the relative orientation of the neutron and the nuclear
spin. The symbol m denotes the neutron mass. The scattering
cross section of a fixed atom is

o = 4r|b|?.



Scattering experiment

Exploring the structural dynamics of condensed matter
on the atomic scale (0.1-10 nm, sub ps - 10 ns)
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Differential scattering cross section
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Figure 1-2-5. Relation between the impact parameter b and the CM scattering angle ©
for the one-particle equivalent prablem of a purely repulsive Coulomb potential V., (r)

The outer circle in the plane at the left corresponds to the values & and @, the inner circle
to the values b — |db| and © + |d@|. [Adapted from Goldstein (1980).]



The (normalized) differential scattering cross section for N
scattering atoms and an unpolarized neutron beam/sample is

o = i 7oodte'“1 >N‘>N‘ by by { e Ra(0)gidRoe
dQdw ~ |jg| 27h N g

where

denotes a quantum time correlation function. Here H is the
Hamilton operator of the scattering system and Z = tr{e "} is
the partition function, with 3 = (kg T)™!. The overline denotes an

average over relative neutron-nucleus spin orientations. The

Incident and scattered neutron have the momenta hEo and hE
respectively.



Dynamic structure factor
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Coherent and incoherent scattering

The intermediate scattering function is split into a coherent part,

reflecting collective motions, and and incoherent part, reflecting
single particle motions,

I(C—i) t) — Icoh(c_ja t) + Iinc((_ja t)

Defining by coh = ba and buine = 1/ |bal? — |b_oé|2 one has

N N
— ]- * _I-—>._’ I._;._’
Ten(d.0)= 3 30 Brconbseon (£ #ROR0)
a=1 6:1

N
- 1 —_id-R id-R
Iinc(qa t) — N E ‘bainc‘2 <e K Ra(O)e K Ra(t)>
a=1




Scattering cross sections for neutrons and
photons

X-ray cross secion
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9. 2. Neutron and x-ray scaltering cross-sections compared. Note that
neutrons penetrate through Al much better than x rays do, yet are

strongly scattered by hydrogen

Source: http://www.ncnr.nist.gov/AnnualReport/FY2003 htmI/RH2/



http://www.ncnr.nist.gov/AnnualReport/FY2003_html/RH2/

Hydrogenous samples

Element H D C O N S
bcoh —3.741 6.674 6.648 5.805 9.300 2.847
binc 25.217 4.022 0.285 0.000 2.241 0.188

Due to the dominant incoherent scattering cross section of
hydrogen, soft matter samples (polymers, biomolecules), which
contain typically 50 % hydrogen atoms, scatter essentially
incoherently. Therefore




Classical approximation of the scattering law

In the (usual) classical approximation, quantum time correlation
functions are replaced by their classical counterparts, such that

- l & —id-R id-R
I(G,t)~ 7 > > bibs <e G-Ra(0) o/ Rg(t)>

cl

Here

(A(0)B(t)) g = Zld / d®Nre=PHD A(M)et2 B(T)

Is an ensemble average over the 6/N phase space coordinates [,
: _ 6N —OLH(T - 3N J OH O oH 0O :
with Zgy = [ d®NFe™PH0) and £ = 3770 {ap,- x o ap,-} >

the Liouville operator of the scattering system.




Van Hove functions and QENS

Within the classical approximation, the spatial Fourier transforms
of the atomic contributions to the intermediate scattering
function,3

)= oL [ ot (elim-0))
= (5(F — [Ra(0) — Rs(t)]))

have a simple interpretation: They give the probability to find
atom [ at time t at position r, given atom « was at time 0 at
position 0. With the above definition

N
> bibg / d3re 97 G,5(F, t).
a=1 =1

L. Van Hove, Physical Review 95, 249 (1954).
4L.. Van Hove, Physica 24, 404 (1958).

jﬂz

1(q, t)




Van Hove function for a freely diffusing atom

In case of free diffusion, the Van Hove self-correlation function
fulfills the diffusion equation

0:Gs(r, t) = D {05 + 0, + 97} Gs(r, t),

where D is the diffusion constant. The solution i1s a Gaussian

The mean square displacement grows linearly with time

W(t) = /d3r\r\2G(r, t) = 6Dt.




Historical articles about diffusion

5.. Uber die von der molekularkinetischen Theorie A. Einstein, Ann. Phys.,
der Wirme geforderte Bewegung von in ruhenden vol. 322 no. 8. 1905
Flitssigkeiten suspendierten Teilchen; SR '

von A. Einstein.

In dieser Arbeit soll gezeigt werden, daB nach der molekular-
kinetischen Theorie der Warme in Fliissigkeiten suspendierte
Korper von mikroskopisch sichtbarer Grofe infolge der Mole-

kularbewegung der Warme Bewegungen von solcher GroBe f (X, t) IS a concentration

ausfithren miissen, daB diese Bewegungen leicht mit dem
Mikroskop nachgewiesen werden kdnnen. KEs ist moglich, daB
die hier zu behandelnden Bewegungen mit der sogenannten
,Brownschen Molekularbewegung® identisch sind; die mir
erreichbaren Angaben iiber letztere sind jedoch so ungenau,
daB ich mir hieriiber kein Urteil bilden konnte.

| A=+0o0 |
Fle,t + t)dr = d ff(x—]—A (d)d A
A=—CD




MOUVEZIENT BROWNIEN BT REALITE MOLECULAIRE;

Par M. JEAN PERRIN.
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- Iciencore le contrdle de la loi de répartition peut étre

quantitatif. Si, en effet, on admet la loi de probabilité
donnée pour une composante z, il est facile de voir que

E2 — RT l la probabilité pour qu'un déplacement horizontal ait une .
‘b 1 M » » - L] 2 2] , . -
N 3‘]'fac l,on..gu.eur comprise entre 7 et 7 +.d1 est donnée par l'ex
pression
rt.
' T8,
27:826 2829z rdr,

Annales de Chimie et de Physique, vol. 18, p. 5 (1909)



Dynamic structure factor for QENS
The intermediate scattering function for a freely diffusing particle is
F(q,t) = |bul|? / d3r e G(r, t) = |by|?e Plallt
and the corresponding dynamic structure factor

_ ‘bH‘z e 3 _(igr—iwt)
S(q,w) = 5 dt | d’re G(r,t)
T — OO

Lorentzian quasielastic
scattering profile




Van Hove function Dynamic structure factor

In oder to describe QENS from more complex systems, various
diffusion models have been developed (see e.g. [1]).

M. Bée. Quasielastic Neutron Scattering, Adam Hilger, Bristol, 1988.



Limits of the classical approximation
In neutron scattering

There are two conditions for the validity of the classical
approximation:

1. The intrinsic quantum properties of the scattering system
must be negligible.

2. The recoil effect on the scattering atom must be negligible,

where M is the mass of the scattering atom.

1 A. Rahman, Physical Review 130, 1334 (1963).
2 G.R. Kneller, Mol Phys 83, 63 (1994).



Two very different representations
of the same correlation function...

The_ impact of the neutron on the scattering system can be
highlighted through the identity®

<e_iaﬁa(0)eiaﬁa(t)> _ <eiHa(c‘j)t/he—th/h>

where H,(q) is the “kicked Hamiltonian”

N

_ By + 000 hd)? S S
Ha(g) = 3 P - V(R Ru).
g

=1

One uses here that e~ /@ RaiHt/hgiGRa — oiHa(4)t/h  The ysual
classical approximation neglects not only quantum effects in the

scattering system, but also its perturbation through the neutron.”

*G. Wick, Physical Review 94, 1228 (1954)
°G.R. Kneller, Mol Phys 83, 63 (1994)



Linking MD simulations and neutron scattering

MD simulations and neutron scattering cover
comparable length and time scales.

Due to the point-like neutron-nucleus interaction,
neutron scattering probes the space-time correlations
of the same objects which are simulated in MD
simulations - the atomic nuclel.

Compute time correlation functions from MD
trajectories, using the classical approximation.

. 1 e & ) _iG-Ra(0) Lid-Rs(t) from MD
I(q,t) = NZZbabﬁ <e e >
a=1 =1 \ y




Time correlation functions from MD simulations

Time correlation functions, such as Z(qg, t), can be computed from
time series, assuming ergodicity (t > 0),

1

T—t
(A(0)B(t)) o = Tlinoo T /0 dr A(T + t)B(1).

For discrete time series (MD trajectories) one uses the
approximation (m=20,1,2,...)

Ni—m—1
1 t

(A(0)B(m)) ¢ ~ - > A(k+ m)B(k),
k=0

where N; is the number of available time frames in the series.



Principle of MD simulations

PHYSICAL REVIEW VOLUME 136, NUMBER 24 19 OCTOBER 1964

Correlations in the Motion of Atoms in Liquid Argon*

A. RAaHMAN
Argonne National Laboratory, Argonne, Illinois
(Received 6 May 1964)

- Solve Newton’s equation of motion

 Discretization and iterative solution itérative yields
trajectories = time series (< 100 ns)

rin+1)—r;(n—1)
Vz(n) N :
oU

Forces: F; = ———




Periodic boundary conditions




Dynamics of water

Dynamics of 256 water
molecules with in a cibic box
with periodic boundary
conditions and Ewald
summation for the Coulomb

forces

SPC/E potential [1]:
- O-0 interactions of

Lennard-Jones type

- Coulomb
interactions for O-0,

[1] H. Berendsen, J.R. Grigera, and T.P. Straatsma, J Phys Chem-Us 91, 6269 (1987).
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Force field for biomolecular simulations

U= > kij(rij—i’,(-;-)))zJF > kijk(ﬁbijk_?bg?lg)z

bonds ij angles ijk

+ > Kiiki€oS(1; k10— Oi k1)
dihedrals i jkl

0_12 0_6 )
+ Y
Z 461] rlz 6

all pairs ij non-

?
q lq] bonded.

all pairs ij 47760rij )

The force field (Amber)

Lysozyme



The limit of classical MD

U(r)
2 | .
[\ | Harmonic
1.5 ' ' '
> ;  approximation
\ /
11 /
\ /
\ /
\ /
\ [

huj() <K kBT

Argon :

I'=944K
hwo =04 ]CBT




For macromolecules like proteins only a small part of the
motional frequency spectrum is accessible to classical MD!
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Basic analysis of MD simulations

Static site pair correlation functions of water

Site-site pair correlation functions for SPC/E water

300 K

9r) = ooy 2 200 = 1o = R

a (Fa

— 0O-0O1 bar
— O-H 1 bar
— H-H 1 bar
—— 0O-0O 3 kbar
— — O-H 3 kbar
—— H-H 3 kbar




Atomic mean square displacements

Nt—|n|—1

> \X““) (k +n) — x©) (k)

k=0

2

Z W ¥ (n) average over molecules

MSD [nm]

0.30
0.25
0.20
0.15
0.10

0.05

time [ps]




; ti t
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Remove first jJumps due to p.b.c. !




Velocity autocorrelation function (oxygen)

Trajectory

v [nm/ps]
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VACF [nm?/ps]

4 os)

Maxwell distribution

PDF
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Nt—|n|—1

Z v (k) - v (k +n)

k=0

1

(@) (1) A
C’UU( ) Nt—|n|

N Q
co(n) = L3N 2 (n)

average over molecules




Velocity autocorrelation function (hydrogen)

Trajectory Maxwell distribution
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Density of States, VACF, and diffusion
coefficient

g(w) = /OOO dt coswt ¢,y (t). D = [ dtcy,(t) = g(0)

g(w)
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0.01

50 100 150 200 250 300 wlTHzl



Coherent intermediate scattering function




Coherent dynamic structure factor
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Experimentally accessible (q,w)-range




Calculation of time correlation functions -
ah « efficient detour » via Fourier space

The correlation theorem of the Fourier transform reads

+00 +00 N _
/ dtf(t+7)g*(’r):% / dew F(w)g* (w)e™

— OO — OO
where

- 00 .
@)= [ duf(e™,

— OO

1 o9 T fwt
f(t):% dw f(w)e'™",

— OO

is the Fourier transform pair of f.



Fast Correlation algorithm

The discrete version of the correlation theorem,

Nt 1 1 Nt—]. B
k L % 271'[”—
Z f(n+ k)g* (k) = N > F(k)G*(k)e™™ N
k=0
Nt 1

F(k) E FFT Z F(n —2771—

can be used to compute correlation functions by a “detour” via a
Fast Fourier Transform (FFT), which reduces the complexity from
Nt2 to N;log, N;, N; being the number of frames in the discrete

signals. To avoid spurious correlations due to periodicity, use zero

padding,

(f(n) if 0<n<N,—1,
fn) - fo(m)y = 4 ) 1O = =T
0 if NtSnSQNt—l

\



Computing MSDs

Use here that °

(((n+ K) = x(k))*) = 2 px(n+ K)x(k)) + (x(n + k)?) + (x(k)?) .
—— — e e

FCA recursively recursively

°G.R. Kneller et al., Comput Phys Commun 91, 191 (1995).



Modeling MD time series and correlation functions

Autoregressive time series model

v(n) =v(nAt), n € Z. time series

AR model of
order P

(ep(n)) = 0,

(ep(n)ep(n')) = 050nn.

“white noise”

P
parameters of the model: agp), . ,Oz% ) op



Wiener-Hopf equations for the coefficients

(ep(n)v(n—k)) =0 (k=1,...,P)

P
> ewlli—kay” =cn(@),  j=1...P

1

i

yields the coeflicients a,gp)




Niener-Khintchin theorem for discrete signals

® Finite sample of a signal var(n) = <

® z-Transform F(n) =

M
1
® Correlation function Cw(n)—jwllinoo M+ 1 ;M (n 4+ k)v™ (k)
Coo(2) = Tim ——— Vi (2) Vs (1/2°)
v~ M1i>noo 2M M=)V M -




Analytical form of the z-transformed
correlation function

AR model
. 1 ) ) limps oo Wﬂrlgp(z)c‘:}';(l/z*)
A oV VE/E) = P (P) 1 P (P)
(1_Zk:1ak < ) (1_21:1% Z)
CR (2) = s

j= P) _ J= j=
(1 — D k=1 a’gc )2 k) (1 — D = al( )Zl)

“all pole”
model




Analytical form of the Fourier-
transformed correlation function

+00
(W) = At Yy T (n) exp[—inwAt] & Gy (w)

(XY, (XY
nN——~oo

A (W) = At CM) (expliwAt))

(XY

o5 At

5 -

211 —SF ol exp(—iwkAt)




Application to a simple liquid (argon)

0004 I [ T | T

— direct calculation

Q0092 .-+ order 20 1
=+ order 50
7 -— order 85
N —- order 150
E, 0.002 — order 250
)]
®)
|
0.001

O ] | 1 | 1
0 1 2 3
Frequency [1/ps]

G.R. Kneller and K. Hinsen. J. Chem. Phys., 115(24):11097-11105, 2001.



Anomalous diffusion of molecules in a lipid
bilayer

S. Stachura and G.R. Kneller, Mol Sim. 40, 245 (2013).
S. Stachura and G.R. Kneller, J Chem Phys in rint .

. e 2x137 POPC molecules (10 nm X 10
nm in the XY-plane)

e 10471 water molecules (fully hydrated)
e OPLS force field

Stachura®and .| & Kkneller. Probing anomalous diffusion in frequ

MSD for lateral diffusion
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See also E. Flenner, J. Das, M. Rheinstadter, and I. Kosztin, Phys Rev E 79, 11907 (2009).

G.R. Kneller, K. Baczynski, and M. Pasenkiewicz-Gierula, J Chem Phys 135, 141105 (2011).
J.H. Jeon, H. Monne, M. Javanainen, and R. Metzler, Phys Rev Lett (2012).




Anomalous diffusion is known since long
time

ANOMALOUS DIFFUSION IN TRUE SOLUTION.

By HERBERT FREUNDLICH AND DEoDATA KRUGER.

Recetved 30th April, 1935.

H. Freundlich and D. Kruger, Trans. Faraday Soc. 31, 906 (1935).
[
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Anomalous Diffusion of Acetone into
Cellulose Acetate™

F. A. LonG, E. BAGLEY, AND J. WILKENS 0-2 (t) X ta
Department of Chemistry, Cornell Unsversity, Ithaca, New York
(Received May 18, 1953)

FA. Long, E. Bagley, and J. Wilkens,

The Journal of Chemical Physics 21, 1412 (1953). U<a<l

(subdiffusion)



Subdiffusion of lipids observed by FCS

P. Schwille, J. Korlach, and W. Webb, Cytometry 36, 176 (1999).
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Fractional diffusion/Fokker Planck equation

T — e

W. Wyss, Journal of Mathematical Physics 27,2782 (1986).
R. Metzler, E. Barkai, and J. Klafter, Phys Rev Lett 82,3563 (1999).




Precise calculation of the low-frequency
DOS

S. Stachura and G.R. Kneller, J .Chem. Phys., vol. 143, p. 191103, 2015.

©.@)

w1/ Ty

dt cos(wt)cy, (T

Compare the low freq. DOS for POPC simulations with an
all-atom (OPLS) and a coarse-grained (MARTINI) force field:

— Fit CG |
— Fit AA =
o Data points CG

L] Data points AA

0.20¢

0.15

0.10

0.05




1073}

g(w) [nm?/ps]

1.x1074F .

g(w) [nm?/ps]

Low frequency DOS - FFT versus AR

estimation

5.x 1074}

2.x1074} =

0.05 0.10 0.50 1

0.05 0.10 0.50 1
w [Thz]

Precision in the lose-
frequency regime matters!

Both FFT and AR
estimations give very
similar results



o

MSD [nm?

Mean square displacement (log-log)

1 A gl e |
§ o = 0.5 (CG)/

0.100} oo®

0.010|
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o MSD WDEFT MEE

AA|0.700 £ 0.003|0.426 4+ 0.007|0.406 & 0.018

CG|0.516 + 0.002(0.452 £+ 0.003(0.466 £ 0.012

D% MSD WDFT MEE

AA|0.0160 + 0.0001 {0.0225 + 0.0003|0.0205 £+ 0.0007

CG10.0555 +£ 0.0003(0.0466 + 0.0004|0.0394 £ 0.0012

TABLE I: Fit parameters o and D,, [nm?/ps®], obtained by fits of a) Expression (1) to the MSD, b)
Expression (5) to g(w) from a windowed discrete Fourier transform, c) Expression (5) to g(w) from

maximum entropy estimation. Here AA stands for ”all atom” and CG to ”coarse-grained.



Relation with QENS

2

: W
Use that g(w) = 7 lim —5(q, w)
q—0 @q

where g(w) “29 w1 %gin (%) I'(l +a)D,

The asymptotic small frequency regime can be
estimated through
e

Da 2—«
wT, <1, witht, = ( - ,)
\al)

where Ty Is In the picosecond regime.



nMoldyn

X, nMOLDYN
nMOLDYN  File Analysis  View Help

FILE TYPE: MMTK NETCDF TRAJECTORY FILE

Information about trajectory file
/Usersfkneller/cheverny/Vortraege/NBIAS/Mathematica-File
s/spceb00_50ps_convert.nc:

512 water molecules

1500 atoms

5001 steps

Created Thu Jul 1 05:48:16 1999

NVE dynamics trajectory with delta_t=0.001, steps=50000
started Thu Jul 1 05:48:21 1999

Trajectory finished Sat Jul 3 04:09:57 1999

MMTK objects found in the universe:
- 500 water (Molecule)

Number of frames: 5001
Starting at: 0.0 ps
Ending at: 50.0 ps
Time step: 0.01 ps

Universe size: 1500
Universe topology: OrthorhombicPeriodicUniverse

Direct basis:

z 7 k
Z.469 Q. 000 0. 000
0. 000 Z. 469 0. 000
0. 000 0. 000 Z.469

Reciprocal basis:
I 7 i

e AL e Fabalal e Falalkal




Ideal and «real» in silico
experiments...

Integrating molecular simulation in "virtual” experiments
probing the structure and dynamics of condensed matter

Ideal Real
experiment experiment

Model Simulation

Model Detailed analysis Environment
development

“Classical” nMoldyn nMoldyn + McStas



Multiple scattering: example for an
undesirable effect

In the MDANSE version of nMoldyn, such effects can
be simulated with the McStas instrument simulator
detector

container

neutron source

2 Differential scatterung
70 _ ¥ 5(q,w) ion for ideal
dQdw ko q, Cross §ect|on or idea

experiment
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