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Abstract. The Mittag-Leffler relaxation function, Eα(−tα) (0 < α ≤ 1), describes

multiscale relaxation processes with a broad range of relaxation rates, where α = 1

corresponds to exponential relaxation. For 0 < α < 1 it decays asymptotically ∼ t−α

and is thus asymptotically self-similar, i.e. form invariant under a scale transform

t → µt. In the language of asymptotic analysis, such functions are referred to as

regularly varying. Based on this observation we derive a refined, “weakly self-similar”

asymptotic form by applying a theorem due to J. Karamata. Reasoning along the same

lines, we derive also a corresponding weakly self-similar form for the time derivatives

of the Mittag-Leffler relaxation function in the short time limit. In both cases the

respective asymptotic power law forms are approached by slowly varying functions in

the sense of asymptotic analysis and we show that the range of validity of the respective

approximations increases strongly with the decrease of α.

1. Introduction

The Mittag-Leffler relaxation function,

φ(t) := Eα(−tα), 0 < α ≤ 1, (1)

appears in various physical and empirical models related to anomalous, non-markovian

diffusion and relaxation processes with long-time memory effects [1–8]. For simplicity

we use here a dimensionless time, t, and the symbol Eα(.) denotes the Mittag-Leffler

(ML) function [9–11], which is defined by the series

Eα(z) =
∞∑
n=0

zn

Γ(1 + αn)
, α > 0. (2)
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Here Γ(z) denotes the Gamma function [12] and it follows from Γ(1 + n) = n! that

E1(z) = exp(z). We note that φ(t) is the solution of the fractional differential equation

dφ(t)

dt
+ 0∂

1−α
t φ(t) = 0, (3)

with the initial condition φ(0) = 1, where the symbol 0∂
1−α
t denotes a Riemann-Liouville

derivative [13] of order 1− α,

0∂
1−α
t φ(t) =

d

dt

∫ t

0

dτ
(t− τ)α−1

Γ(α)
φ(τ). (4)

For α = 1 the fractional differential equation (3) becomes an ordinary differential

equation, φ′(t) + φ(t) = 0, whose solution is the exponential relaxation function,

φ(t) = exp(−t). From a physical point of view, the convolution integral in the fractional

derivative reflects memory effects, i.e. a non-Markovian character of the underlying

relaxation dynamics.

The ML relaxation function may be compared to the Kohlrausch-Williams-Watt

(KWW) function [14–16], ϕ(t) := exp(−tα), which has been extensively used to model

in particular multiscale relaxation processes probed by dielectric spectroscopy [17].

Both functions have essentially the same short time behavior, but their respective

asymptotic behavior for long times is fundamentally different. The KWW function

decays asymptotically faster than any negative power of t, whereas it follows from the

series expansion of the ML function for large arguments [9],

Eα(z)
|z|→∞∼ −

M∑
n=1

z−n

Γ(1− nα)
(M ∈ {1, 2, 3, . . .}), (5)

that φ(t) displays an asymptotic power law decay

φ(t)
t→∞∼ t−α

Γ(1− α)
≡ φ(∞)(t). (6)

In frequency space this leads also to an asymptotic power law form ∝ ωα−1 of the Fourier

spectrum for small frequencies, and we note here that power law frequency spectra

of physical observables can be quite generally observed for complex, hierarchically

organized systems [18]. It follows from (6) that the ML relaxation function is

asymptotically self-similar, i.e. asymptotically form invariant with respect to the scale

transform t→ µt,

lim
t→∞

φ(µt)

φ(t)
= µ−α. (7)

In asymptotic analysis, functions displaying this property are referred to as “regularly

varying”, a term which has been coined by J. Karamata [19]. Since we are dealing

with the “stretched” version the ML function, all its time derivatives exhibit power law

behavior in the short time limit,

φ(k)(t)
t→0∼ −α(α− 1) . . . (α− k + 1)

Γ(1 + α)
tα−k. (8)
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Figure 1. Log-Log plot of L(t)/L(∞) for α = 0.2, 0.4, 0.8 (blue solid lines). The

dashed black line refers to the limiting value 1.

They are thus regularly varying functions at the lower end of the time scale, fulfilling

lim
t→0

φ(k)(µt)

φ(k)(t)
= µα−k. (9)

Here and in the following we use the abbreviation φ(k)(t) ≡ dkφ(t)/dtk.

The idea of this paper is to use the fact that the ML relaxation function and its time

derivatives are regularly varying functions in the long and short time limit, respectively,

in order to derive respective refined, “weakly self-similar” asymptotic forms with an

extended range of validity by using a theorem by J. Karamata [20].

2. Weak self-similarity of φ(t) for long times

The fact that φ(t) is a regularly varying function implies that it can be written in the

form [19]

φ(t)
t→∞∼ L(t)t−α, (10)

where L(t) is a “slowly varying” function, which is defined through the property

lim
t→∞

L(µt)

L(t)
= 1 (µ > 0). (11)

Expression (10) is a refined, “weakly self-similar” asymptotic form of the ML relaxation

function, compared to (6). In order to derive its concrete form, we use the Hardy-

Littlewood-Karamata (HLK) theorem [20], which relates the asymptotic form of a

certain class of regularly varying functions for large arguments to their Laplace

transforms for small arguments,

h(t)
t→∞∼ L(t)tρ ⇐⇒ ĥ(s)

s→0∼ L(1/s)
Γ(1 + ρ)

s1+ρ
, ρ > −1. (12)
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The Laplace transform is defined through ĥ(s) =
∫∞
0
dt exp(−st)h(t) (<{s} > 0). One

notices that the exponent ρ must be chosen such that the integral
∫ t
0
dτh(τ) diverges

as t → ∞. At this point one can use that the Laplace transform of the ML relaxation

function has a simple analytical form,

φ̂(s) =
1

s(1 + s−α)
, (13)

which is straightforwardly obtained by a term-by-term transformation of the series

Eα(−tα) =
∑∞

n=0(−1)αtnα/Γ(1 + αn). Since the Laplace transform of φ(t) is known

in the whole s-plane, it is in particular known for s→ 0, and the HLK theorem can thus

be used to infer the asymptotic form of φ(t) for large times from its Laplace transform.

Writing

φ̂(s) =

(
1

Γ(1− α)

1

1 + sα

)
︸ ︷︷ ︸

L(1/s)

Γ(1− α)

s1−α
,

it follows that

φ(t)
t→∞∼ L(t)t−α =

L(t)

L(∞)
φ(∞)(t), (14)

where φ(∞)(t) is given by Eq. (6) and

L(t) =
1

Γ(1− α)

(
1

1 + t−α

)
(15)

is a slowly varying function in the time domain. It tends, in fact, to a plateau value,

limt→∞ L(t) ≡ L(∞) = 1/Γ(1 − α), and its normalized form, L(t)/L(∞), is shown in

Figure 1 for α = 0.2, 0.4, 0.8. We note that the refined asymptotic form (14) of φ(t)

stays bound for all values of t,

0 < φ
(∞)
L (t) < 1/Γ(1− α) (0 < α ≤ 1), (16)

in contrast to the alternative expression

φ(t)
t→∞∼ −

M∑
n=1

(−1)n
t−nα

Γ(1− nα)
≡ φ(∞)

p (t), (17)

deriving from the asymptotic form (5) of the ML function. Figure 2 displays a log-log

plot of the exact relaxation function φ(t) for α = 0.2, 0.4, 0.8 (blue solid lines) together

with the asymptotic power law form (6) (blue dashed lines) and the refined version

φ
(∞)
L (t) given in Eq. (14) (orange lines). The orange dashed lines correspond to the

alternative asymptotic form φ
(∞)
p (t) defined in Eq. (17). Here we have set M = 10,

noting that higher values do not lead to an enlarged domain of validity, but rather to

unwanted oscillations. One sees that the approximation of the exact relaxation function

by the refined asymptotic form (14) is the better over increasingly larger time scales

the smaller α is, i.e. the more non-exponential the relaxation function is. In parallel,

the variation of the relaxation function with time decreases and it becomes increasingly

weakly self-similar.
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Figure 2. Log-Log plot of φ(t) for α = 0.2, 0.4, 0.8 (blue solid lines), the

asymptotic power law form (6) for large time arguments (blue dashed lines) and the

refined asymptotic form (14) (orange solid lines). The orange dashed lines display for

comparison the alternative refined asymptotic form (17) with M = 10. The choice of

M is motivated in the text.

3. Weak self-similarity of φ(k)(t) for short times

For the following considerations we use that the ML relaxation function can be written

as a continuous superposition of normal exponential functions,

φ(t) =

∫ ∞
0

dλ p(λ) exp(−λt). (18)

where p(λ) is given by [6]

p(λ) =
sin(πα)

πλ (λ−α + λα + 2 cos(πα))
. (19)

For α = 1 one has p(λ) = δ(λ − 1), where δ(.) denotes the Dirac distribution,

expressing perfectly monoexponential relaxation. Formula (19) is obtained from its

Laplace transform (19), using that p(λ) = limε→0+
1
π
={φ̂(−ε− iλ)} is the inverse of the

Stieltjes transform φ̂(s) =
∫∞
0
dλ p(λ)/(λ+ s) [21].

Expression (18) shows that φ(t) can be read as the Laplace transform of p(λ), with

λ being the “time variable” and t the “Laplace variable”. More generally, the k-th time

derivative of φ(t) is the Laplace transform of (−λ)kp(λ),

φ(k)(t) =

∫ ∞
0

dλ exp(−λt)(−λ)kp(λ). (20)

Writing now

λkp(λ) = λk−1−α
sin(πα)

π (1 + λ−2α + 2λ−α cos(πα))︸ ︷︷ ︸
M(λ)

(21)

defines the slowly varying function

M(λ) =
sin(πα)

π(1 + λ−2α + 2λ−α cos(πα))
, (22)
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Figure 3. Log-Log plot of M(1/t)/M(∞) for α = 0.2, 0.4, 0.8 (blue solid lines).

and with the replacements φ(t)→ λkp(λ), φ̂(s)→ (−1)kφ(k)(t), and L(t)→ M(λ), the

HLK theorem (12) can be applied for k ≥ 1 in order to infer the asymptotic form of the

time derivatives φ(k)(t) for short times from p(λ),

λkp(λ) = M(λ)λk−1−α

=⇒ (−1)kφ(k)(t)
t→0∼ M(1/t)

Γ(k − α)

tk−α
, k = 1, 2, 3, . . . (23)

The case k = 0, i.e. the ML relaxation function itself, must be excluded. The

expression for the asymptotic form of φ(k)(t) can still be considerably simplified by

using that limλ→∞M(λ) = sin(πα)/π = 1/(Γ(1 − α)Γ(α)) [12], and that Γ(k − α) =

(1 − α)k−1Γ(1 − α), where (a)n = a(a + 1) . . . (a + n − 1) is the Pochhammer symbol.

In a second step one can use that (−1)k(1 − α)k−1/Γ(α) = −α(k)/Γ(1 + α), where

α(k) = α(α − 1) . . . (α − k + 1) is the k-th factorial power of α. Using the normalized

function M(λ)/M(∞), which is displayed in Fig. 3, we obtain a refined asymptotic form

of φ(k)(t) compared to (8),

φ(k)(t)
t→0∼ −

(
M(1/t)

M(∞)

)
α(α− 1) . . . (α− k + 1)

Γ(1 + α)
tα−k, (24)

or, equivalently,

φ(k)(t)
t→0∼

(
M(1/t)

M(∞)

)
dk

dtk

(
− tα

Γ(1 + α)

)
. (25)

Noting that M(1/t) is a slowly varying function for t→ 0 if M(λ) is slowly varying for

λ→∞, we have thus obtained a concrete weakly self-similar, or regularly varying form

for the time derivatives of φ(t) in the short time limit.

Fig. 4 displays a log-log representation of the absolute values of the first and second

order time derivatives of φ(t) (blue solid lines), the derivatives of the corresponding

limiting power law form (8) (blue dashed lines), and the refined asymptotic forms (25)

(solid orange lines). The analytical expressions for the first two derivatives of the ML

relaxation functions are here given by
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Figure 4. Log-log plot of |φ(k)(t)| for k = 1, 2 (upper and lower row, respectively),

with α = 0.2, 0.4, 0.8. The solid blue lines correspond to the exact expressions given

in Eqs. (26) and (27), respectively, the blue dashed lines to the limiting power law

form (8), and the orange lines to the refined form (25).

φ(1)(t) = − tα−1Eα,α (−tα) , (26)

φ(2)(t) = tα−2 {tα (Eα,2α−1 (−tα)− (α− 1)Eα,2α (−tα))

−(α− 1)Eα,α (−tα)} , (27)

where the symbols Eα,β(z) denote the generalized Mittag-Leffler function [9–11],

Eα,β(z) =
∞∑
n=0

zn

Γ(β + αn)
, α, β > 0. (28)

We note that Expressions (26) and (27) have been obtained with Wolfram’s Mathematica

Package [22]. The figure shows a similar tendency as for the asymptotic long time form

of the relaxation function, namely that the approximation of the exact functions – here

the time derivatives of φ(t) – by the corresponding refined asymptotic forms are the

better the smaller α is. The variation of the displayed functions decreases in parallel,

indicating an extended range of weak self-similarity. We note here that the refined

asymptotic short time form (24) is not bound for all values of α and t, since M(λ) is

not bound. One sees in fact that M(λ) becomes singular at λ = 1 if α→ 1.
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4. Discussion and conclusions

By means of asymptotic analysis we have shown that the Mittag-Leffler relaxation

function and its time derivatives exhibit for long times and short times, respectively,

a “weakly self-similar” behavior. Except in the transition region at t ≈ 1 (on a

dimensionless time scale), the ML relaxation function thus exhibits a close to self-similar

behavior over a large range of time scales, where the effect is the more pronounced

the smaller α is, i.e. the more non-exponential the relaxation is. The fact that its

weak self-similarity concerns both ends of the time scale is reflected by the fact that

its relaxation rate and time spectra are the same. This is seen as follows: Defining

the (here dimensionless) relaxation times through τ = 1/λ one has instead of (18) the

representation

φ(t) =

∫ ∞
0

dτ P (τ) exp(−t/τ), (29)

where P (τ) = p(1/τ)
∣∣dλ
dτ

∣∣. Inserting here Expression (19) for p(1/τ) leads to

P (τ) =
sin(πα)

πτ (τ−α + τα + 2 cos(πα))
, (30)

which shows by comparison with Expression (19) that, indeed,

P (τ) = p(τ). (31)

To our knowledge, the ML relaxation function is the only relaxation function with this

particular property. We mention in this context that this might be the reason why

only this model relaxation function lead to a physically meaningful interpretation of

quasielastic neutron scattering experiments probing functional protein dynamics, which

has been published recently [23,24]. At short times protein dynamics is characterized by

rapid relaxation due to dephasing of the atomic vibration and at long times by relaxation

due of the slow, solvent driven modes, which involve all atoms in the protein. In both

cases coupling to the same continuum of modes is involved, and self-similar multiscale

relaxation with the same α is a physically reasonable assumption.
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