Spin 1/2 in an external magnetic
field

Matrix representation of the spin components

n1= MatrixForm[ox = {{0, 1}, {1, 0}}]
Qut[1])//MatrixForm=
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nzp= MatrixForm[oy = {{0, -I}, {I, 0}}]

Out[2]//MatrixForm=
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nig= MatrixForm[oz = {{1, 0}, {0, -1}}]
Out[3])//MatrixForm=
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@)= SX = (h/2) * OX3 Sy = (f)/2) *0y; Sz = (h/Z) * 0Z;

Matrix representation of the energy.

In classical physics the energy of a magnetic moment Tis given by E:-ﬁ.§, where Bis the external
magnetic field in which the magnetic moment is placed and Ti=y’s, with y being the gyromagnetic
constant. The components of a quantum spin are represented by matrices and its energy is repre-
sented by a matrix whose eigenvalues are the possible energies the spin can have.

Magnetic field :

nisi= MatrixForm[Bvec = B {nx, ny, nz}]
Out[5])//MatrixForm=
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Magnetic moment:

ner= MatrixForm[ux = ¥ Sx]

Out[6]//MatrixForm=
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n7= MatrixForm[uy = y Sy]
QOut[7])//MatrixForm=
1.
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iyh 0
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nel= MatrixForm[uz = y Sz]
QOut[8]//MatrixForm=
yh 0
2
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The energy is represented by a matrix (“Hamiltonian”):

9= MatrixForm[H = FUL1Simplify[-B (uX * NX + uy * ny + uz * nz) 1]
Out[9)//MatrixForm=

—ianyh —%B(nx—jny)yh

1 : 1
—2B(nx+1ny)yh > Bnzyn

The possible values of the energy do not depend on the direction of the magnetic field and corre-
spond, respectively, to the orientations parallel and antiparallel of 5 and B:

niiop= Simplify [Eigenvalues[H], Assumptions -» {nXA2 +ny”r2+nz 2 == 1}]

out[10]= {fi Byh, Bﬁ}
2

Polarization states, spinors

The two normalized eigenvectors of H, with B in the direction of the X-, -, Z-axis are, respectively,
matrix representations (“spinors”) of the polarization states parallel and antiparallel to the x-, y-, z-
axis. Here the eigenvector corresponding to the eigenvalue E=-yBh/2 represents the “parallel”
polarization and the one corresponding to the eigenvalue E=yBA/2 the “antiparallel” polarization.
Due to the construction of the H-matrix, these polarization states are represented by th eigenvec-
tors of the Pauli matrices corresponding, respectively, to the eigenvalues -1,1:

ni11= Eigenvalues[oX]

ouft1= {-1, 1}

ni1z= Map[Normalize, Eigenvectors[ox]]

. {{ 1 1 1 1 }}
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niis= Eigenvalues[oy]

ouftz= {-1, 1}

ni14= Map[Normalize, Eigenvectors[oy]]

oue- {{ i1 i1 1
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niis= Eigenvalues[oz]

ouris= {-1, 1}

niie;= Map [Normalize, Eigenvectors[oz]]

oufiel= {{0, 1}, {1, 0}}

In[17]:=

Random polarization and mean value

Chose a magnetic field pointing along the z-axis, such that

niig= MatrixForm[Hz =H /. {nx - 0, ny » 0, nz » 1}]
Out[18]/MatrixForm=
->Byh 0 ]
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The eigenvalues are (independent of the direction of the magnetic field)

nioy= EigenvaluesHz = Eigenvalues[Hz]

out[19]= {—iByﬁ, B%h}

and the normalized eigenvectors {E1, E,} are
nizop= xbasis = Map[Normalize, Eigenvectors[Hz]]
outzo= {{1, 0}, {0, 1}}
Construct an arbitrary spinor as superposition of the above basis spinors, where | a |2+ | B|?=1
1= X = a* xbasis[[1]] + B x xbasis[[2]]
oue1l= {0ty B}
and compute the quadratic form xT.H.x

niez;= Simplify[Conjugate[x].Hz.x] // TraditionalForm

QOut[22]//TraditionalForm=

1
EByh BF —aa)

The quadratic form can be written as x".H.x = a a*E,+B BE>,

nies= Conjugate[a] a x EigenvaluesHz[[1]] + Conjugate[B] B x EigenvaluesHz[[2]] //
Simplify // TraditionalForm

Out[23]//TraditionalForm=

1
EByh(ﬂ,B* —aa’)

This shows that aa*= | a |? and BB*= | B | % can be interpreted, respectively, as probabilities for
the parallel and antiparallel polarization with respect to the magnetic field pointing along the z-
axis, and the quadratic form xT.H.x as the mean value of the polarization. For the choices {1,0} and
{0,1}, respectively, for {a,B} the corresponding spinor x represents the “pure states” for polarization
parallel and antiparallel to the z axis.
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The same reasoning can be used by choosing a Hamiltonian where the magnetic field points into
another, arbitrary direction. The reason is that the corresponding spinors form always an orthogo-
nal basis (show this as an exercise). Chose for example the x-axis :

n24}= MatrixForm[Hx =H /. {nx > 1, ny » 0, nz - 0}]
Out[24]//MatrixForm=

0 - i Byh
- i Byh 0
The eigenvalues are again
ni2s;= EigenvaluesHx = Eigenvalues [Hx]

out[25]= {—%Byﬁ, B%h}

and the normalized eigenvectors {E1, E>} are here

ni2e)= xbasis = Map[Normalize, Eigenvectors[Hx]]
1 1 1 1

ouee= {{—» —}, {-—» —}}

V2 o oW/2 V2o oW/2

Construct again an arbitrary spinor as superposition of the above basis spinors, where
|a|?+|B|*=1

ne7= X = a* xbasis[[1]] + B » xbasis[[2]]
04 B (04 /3 }
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The quadratic form xT.H.x is the same as for the case where the field points along the z-axis,

out[27]= {

nies;= Simplify[Conjugate[x] .Hx.x] // TraditionalForm

QOut[28]//TraditionalForm=

1
—Eth(aa*—ﬁﬂ*)

and the probabilistic interpretation as a mean value is the same.



