Gram-Schmidt orthogonalization

System of linear equations

We consider a system of linear equations of the form A-x =y, where the coefficient matrix has the

form
123
A=1[234
34 4

and the right-hand side is given by the column vector

Solution par orthogonalization Gram-Schmidt

Construct an orthogonal matrix Q, with Q" - Q = 1, such that

Q:A'Rs

where R is upper triangular.

Start from the three column vectors of A,

1 2 3
a; = 2|, a, = 31, az = 4
3 4 4

which are not orthogonal,

14 20 23

AT-A = |20 29 34| # 1.
23 34 41

Step 1

Take u; = a; as first unnormalized column vector of a basis {u;, u,, us} fulfilling u,-T~uj = | uillu; | &,
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Normalize this column vector and write

1
14
\/7 R here Rup-—— -
q: = 2 |= Ryia; , where Ry;= =
37 furt /14
14
Step 2

Construct the second unnormalized basis vector

4
7
u; = a-(qj-a)a; =| -
_2
and normalize,
_4
\21
1
q: = ﬁ
2
Nory
Write
1 T 1 T
q: = (@2- (41 - @) 1) = —— (a2~ (4, - a2) (Rypa1)) =Ri;a +Ryp @
fusf up |
where
10 7
R = - s R =
21 3
Step 3

Construct the third and last unnormalized basis vector

U; = a3-(q1-a3)q; - (q3-a3)4y = | -

and normalize,
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CheckthatQ=A-Retand thatQ"-Q=Q-Q" = 1:
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Inverse of A and solution of A-x=y
SinceQ=A-Rand Q-Q" =1t follows that A-R-Q" =1, i.e. that
A*=R-Q.

Check

Solve




