Gauss principlefor (exact) constant
temperature

This is an illustration of Gauss’ principle for the derivation of the equations of motion for a har-
monic oscillator at constant kinetic energy.

Non-holonomic constraint

Definition
Constant kinetic energy

M- o=m(X"[t]A2+y ' [t]A2+2Z'[t]"2) /2 =3ksT /2

1 3Tk
out= —m (X [E]2+y [t]%+ 2/ [t]?) = ?
2 2

Resulting acceleration constraint
nz;= Aconstr =D[o, t] // Simplify
ouzle m (X' [t] X/ [t] +y [t]y'[t] +2'[t] z'[t]) =0
Corresponding constraint function fulfilling g[F] =0

nEi= g = Aconstr[[1]]
ougl= m (X" [t] X" [t] +y [t] y"[t] +2'[t] z"[t])

Q-function

Gravitational force

na= F = -Kx {x[t], y[t], z[t]}
ourg= {-Kx[t], -Ky[t], -Kz[t]}

Acceleration

nsp= @ = {x"'""[t], y"'"[t], z''[t]}
ours)= {X”[t], y'[t], z"[t]}

Extended Q function
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ne= Qext=m/2 (a-F/m).(a-F/m) +uxg
outsl= My (X' [t] X7 [t] +y' [t] y'[t] +Z2'[t] z'[t]) +
1 Kx[t] 2 (Ky[t] 2
+X”[t]] +( " ] +

—-m +y’[t]
2

m m

Minimize Q-function
Gradient of Q with respect to the accelerations

n7:= MatrixForm[GradQ = Grad[Qext, a] // Simplify]
Out[7]//MatrixForm=

Kx[t] +m
Ky[t] +m (uy [t] +y”[t])
Kz[t] +m ! "

General form of the accelerations

ne= asol = Table[Solve[GradQ[[i]] =0, a[[1]]], {i, 1, 3}]

- H{X”[tl R ~KXx[t] -mux'[t] }}’

m

{{y"[t} R -Ky[t] -muy’[t] }}’ {{z”[t} . ~Kz[t] -muz'[t] }}}

m m

n9- aGen = Table[Expand[asol[[i, 1, 1, 2]1], {i, 1, 3}]

Kx[t] Ky[t] Kz[t]

outtsl {— Sux ], - Suyt], - .y z’[t]}
m m m

Compute Lagrange multipliers
nio-= ReplacementRulesA = asol[[All, 1, 1]]

, CKx[E] -mpx (€] Ky[t]-muy'[t] Kz[t] ~muz[t]
out10l= {x [t] - , VI It] - , 27 [t] > }

m m m

ni= EQ = (g = 0) /. ReplacementRulesA
X'[t] (-Kx[t] -mpux'[t]) N y'[t] (-Ky[t] -muy' [t]) z'[t] (-Kz[t] —muZ'[t])]

m m m

Ouf[11]= M

0

niiz= usol = FUllSimplify[Solve[Eq, u], Assumptions -» {o}]
K(x[t] x' [t] +y[t] y'[t] +z[t] z'[t])
out[12]= {{u - - }}
3T kg




Final equation of motion

niiz= ReplacementRulesMu = usol[[1, Al1l]]

K (x[t] x'[t] +y[t] y'[t] +z[t] z'[t])
out[13]= {u - - }
3Tkg
n4:= aGen
Kx[t] Ky[t] Kz[t]
outt4l= {- X [t], - Sy [t], - y z’[t]}
m m m

niis= aSol = FullSimplify[aGen /. ReplacementRulesMu, Assumptions -» {o}]
Kx[t] Kx'[t] (x[t] x'[t] +y[t]y'[t] +z[t] z'[t])
Out[15]= {f + )
m 3TkB
Kyl[t] Ky [t] (x[t] x'[t] +y[t]y'[t]+z[t] z'[t])
_ + ,
m 3TkB
Kz[t] Kz'[t] (x[t] x'[t] +y[t]y [t]+z[t] z'[t]) }
- +

m 3TkB

niie= EqQMotGauss = Table[a[[i]] == aSol[[i]l], {i, 1, 3}];

n17:= MatrixForm[EqMotGauss]

Out[17]//MatrixForm=

X7 [t] = - Kx[t] 4 KX [t] (x[t] x' [t]+y[t] y [t]+z[t] z'[t])
m 3Tkg

’” Kylt] Ky [t] (x[t] X' [t]+y[t] y' [t]+z[t] Zz'[t])
y lt] = - m 3Tk
B

27 (t] = - Kz[t] N Kz'[t] (x[t] X' [t]+y[t] y'[t]+z[t] z'[t])

m 3Tkg
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