Gauss principleand conservationof
energy

Here it is shown that formally imposing a constant energy for a harmonic oscillator leads to a
vanishing constraint force. The vanishing constraint force illustrates that constant energy is, in fact,
no constraint for the system. Energy is automatically conserved if the forces in a mechanical
system derive from a potential.

Non-holonomic constraint

Definition
Constant total energy
e o =m(x'[E] A2+ Y [£]72+2' [£]72) /2+K (X[t] "2+ y[t] A2+ 2[t]*2) /2 = "E"
1 1

oute — K (x[t)%+y[t]2+z[t]?) + —m (X [t)%+y [t]?+2'[t]?) = E
2 2

Resulting acceleration constraint
nz;= Aconstr =D[o, t] // Simplify
ouzle Kx[t] X [t] +Ky[t] y [t] +Kz[t] z'[t] +mx [t] X" [t] +my [t] y'[t] +mz' [t] z'[t] =0
Corresponding constraint function fulfilling g[r] =0

n@i= g = Aconstr[[1]]
ougl= KX[t] X' [t] +Ky[t] Yy [t] +Kz[t] Z'[t] +mx' [t] X" [t]) +my ' [t] y'[t] +mZz [t] 2" [t]

Q-function

Hooke force

na= F = -Kx {x[t], y[t], z[t]}
outg= {-Kx[t], -Ky[t], -Kz[t]}

Acceleration

msi= @ = {x'"[t], y'"[t], z'"[t]}
outsl= {X"[t], y"[t], z"[t]}

Extended Q function
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ne= Qext=m/2 (a-F/m).(a-F/m) +uxg
outsl= 4 (KX[E] X' [€] +Ky[t] Yy [t] +Kz[t] Z’[t] +mX [t] X" [t] +my [t] y'[t] +mZ'[t] z'[t]) +
1 Kx[t] 2 Ky[t] 2 Kz[t] 2
" ] +( ” ] + +Z”[t]]]

—m + X7 [t] +y'[t]
2 m

m m

Minimize Q-function
Gradient of Q with respect to the accelerations

n7:= MatrixForm[GradQ = Grad[Qext, a] // Simplify]
Out[7]//MatrixForm=

Kx[t] +m
Ky[t] +m (uy [t] +y”[t])
Kz[t] +m ! "

General form of the accelerations

nel= asol = Table[Solve[GradQ[[i]] =0, a[[i]]1], {i, 1, 3}]
~KXx[t] -mux'[t]

out[8]= {{{x”[t} - }}

m

K

{{y"[t} R -Ky[t] -muy’[t] }}’ {{z”[t} . ~Kz[t] -muz'[t] }}}

m m

9= aGen = Table[Expand[asol[[i, 1, 1, 2]1], {i, 1, 3}]

Kx[t] Ky[t] Kz[t]
outtsl {— Sux ], - Suyrt], - —uz’[t]}
m m m
Vanishing constraint force
nio-= ReplacementRulesA = asol[[All, 1, 1]]
, CKx[E] -mpx (€] Ky[t]-muy'[t] Kz[t] -muz[t]
ou10)= {x [t] - , VI It] - , 27 [t] > }
m m m

ni= EQ = (g = 0) /. ReplacementRulesA
ouftil= KX [€] X' [€] + X' [t] (-Kx[t] -mux'[t]) +Ky[t] Yy [t] +
yIt] (-Ky[t] -muy'[t]) +Kz[t] z'[t] +Z'[t] (-Kz[t] -muz'[t]) =0

niiz= usol = FUllSimplify[Solve[Eq, u], Assumptions -» {o}]
ouizl= {{u > 0}}

Final equation of motion

3= ReplacementRulesMu = usol[[1, All]]
outf13= {u - O}
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inf14:= aGen

Kx[t] Ky[t] Kz[t]
—ux'[t], - -uy'[t], -
m m m

out[14]= {7 - u Z’[t]}

niis= aSol = FullSimplify[aGen /. ReplacementRulesMu, Assumptions -» {o}]
Kx[t] Ky[t] sz}}

Out[15]= {— P 5
m m m

niie= EqQMotGauss = Table[a[[i]] == aSol[[i]l], {i, 1, 3}]1;

n17:= MatrixForm[EqMotGauss]
Out[17]//MatrixForm=

X7 [t] = - Kxnzt]
" Kyl[t]
y[t] = -

27 [t] = - Kant]



