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Stochastic processes

Y = f(X,t) X 1s a stochastic variable

+00
Construct the
py (Y1) /_Oo o (y /@, ))pX(x) probability density

Example I
Y =sin(2nt) + sin(4nt + X)
zi x € |0,27], A ’\/ t
px(x) =" W w W 2
0  sinon.




e Probability density order n

—+00

pfly)(yn,tn; LY, ) = /_ dz(S(yl — f(x,t1)> .. .5(yn — f(x,tn))px(m)

oo

e Several “hidden” variables

Y = f(X1,..., X, 1)

+00 + o0
pq(v,Y)(ynatnaaylatl):/ d£U1/ dxm5(y1_f($laaxm7tl))

— o0 — OO0

X 5(yn _ f(xlv SR 7$m7tn)>p7(7§)(x17 SR 7£Cm)-

e Moments

+00 +o00
(Y™ (t1) ... Y™ (ty)) = / / gy Y (Yt sy, )

— 0 — 0




e Correlation functions

Cyy(ta, 1) 7= (Y (E2) = (V(12))) (Y (t1) = (Y(01))))

o At equilibrium - stationarity

(Y)

Pr, (ynatna R ;ylvtl) — png)(yWJ?tn -+ Ty... ;y17t1 T T)




Conditional probability densities

pr|n—r(yn7 tn; ey Yn—r+1, tn—r+1‘yn—r7 tn—r; - Yty tl)
_ pn(ynatn;---;ylatl)
pn—r(yn—ra tn—'r; -5 Y1, tl)

Markov property

P1in—1(Yns tn|Yn—1,tn=1; - - -5 Y1, t1) = P11 (Y, tn|Yn—1,tn—1)

“Markov chain”

P (Yns tns -5y, t1) = D1t (Uns TnlYn—1, tn—1) - - - D11 (Y2, E2|y1, t1)p1 (Y, 1)




Chapman-Kolmogoroff relation

For 11 <ty < 13
P3(Ys, t3; Y2, t2; Y1, t1) = Dipn (U3, t3ly2, t2)D1p (Y2, t2|yr, €)1 (v1, t1)

Integration over %2
P2(Y3, t33 Y1, t1) = P11 (s, talyr, t)p1 (Y1, )

+00
= {/ dya p11(Y3, t3|y2, t2)p1)1 (Y2, taly1, tl)}pl(yl,t1)

— 00

+00
P11 (ys, t3lyr, 1) = / dya p1)1(Ys, t3|y2, t2) 11 (Y2, t2|y1, t1)

— 00




—

+00
P111(y3, 3|y, t1) = / dys p1p1 (s, t3]y2, t2)p1j1 (Y2, t2|y1, t1)

— OO




Master equation

T(y2, Tly1) = pip(ye, 7ly1,0)  Transition probability

+00
/ dys T'(y2, T|th) = 1,

— 0

lim T'(y2, 7|y1) 0(Y2 — Y1)

T7—0

For short times
T(y2, T|y1) ~ (1 - mo(y1))5(yz —y1) + TW (y2|y1)

o W (ys|y1) is a transition rate for the transition y; — yo € [y2, y2 + dys]

+0o0
C ao(y1)=/ dy2 W (y2|y1)

— OO



with Chapman-Kolmogorov

400
p1|1(y3,7+7’\y1,0) :/ dyzp1|1(y377+T/\y277)p1|1(y277\y170)

— 00

7' small

+00
T(y3,7+7’\y1)=/ dys T (ys, ' |y2)T (Y2, T|y1)

— 00

— /+OO dys {(1 — T’ao(yz))5(y3 — Yo) + T/W(ys\%)} T(y2, T|y1)

— O

+o00
T(ys, 7+ 7'1n) = (1 —T’ao(yg))T(yg,lel) +T’/ dys W (ys|ye)T (y2, T|y1)

—

T(ys, 7+ 7)) — T(ys, 7|y1)
,7-/

T Wl Y Tl + [ s W sl) T o, 7o)
|/ | /

(0. @) — 0
N 7

"~

ao(ys)



Master equation

0T (ys, T 00
(y(;T o a / Y2 {W(yg”y?)T(y?’T’yl) - W(CUQ’?J?))T(Q?),T’%)}
“gain” “perte”
Compact notation

P(yat) = T(yvt‘yO)v P(y7 O) — 5(y _ yO)

OP(y,t)
ot

/+OO dy {W(y!y’)P(y’, t) — W(y'ly)Ply, t)}

—Oo0




Fokker-Planck equations

Uy —y.y) =Wyly) (W) =y—y
Tl - [T ac{oug=orad0 - a-corun)

® Q(C? Yy — C) (y o C7 t) ~ (Cv y) (y7 )

o/ :o acoi-¢o = [ :O ACO(C, )

» PO )P} + 3o )P0




Equation of motion

Moment generating function

Gk = [ " dy exp(—iky) Py,

» G(k,At) =~ /_+OO dy exp(— zky){P(y 0) + At

+00
G(/{,At)%/ dy exp(—iky) { Y — %Yo +At(
L1
2

=

0P(y t)

)

¢
5—2[ WPy, t)})

Gk, At) ~ (

k2
1 —ikay(yo) At — Eag(yo)At

) exp(—ikyo)

-



]{32
G(k,At) ~ <1 — ikay(yo) At — 7@(%)&5) exp(—tkyo)

0
(y) = i5-G(k, At) = yo + Atay(yo),
ok k=0
2 0’ 2
(y™) =1 _8/{2G(k At) = y5 + Atas(yo) + 2Ataq (yo)yo-
k=0

(Y —yo) = Atai(yo)
((y —w0)?) = Atas(yo)

Realization for a stochastic process

y(to + At) = y(to) + Atay (y(to)) + &

=0 and €2 = Atas(y(ty))




Equilibrium, stationary solutions

aP(yﬂf) 8J(y,t) B
ot + oy 0
0P(y,t
T(,t) = an(y) Py, 1) — 20 (‘gz |
systematic entropic
Equilibrium
Jeqly) = lim J(y,t) =0
Stationary regime
0.J5(y)

Js(y) = lim J(y,1),

t—00

Yy

Equation of continuity

Probability current




Wiener process - free diffusion

as(y) = 2D = const.

OP(y,t) _ 0" P(yt)

ot O0y?

P(y,t)

y(to + At) = y(0) + &

Wiener process

o H‘§
P ‘u%aﬂ a o C

6061 "SAyd "wiyd ‘uuy

‘uied r




Ornstein-Uhlenbeck process

o |ai(y)=—-ny,  ay)=2D

OP(y, s, O*P(y,t
g;/ Y _ na—y{yP(y,t)} + D a?(j; )
y(to + At) = y(to) — Atny(to) +§ £=0

Processus de Ornstein-Uhlenbeck | €2 = 2DAt¢

1 {y — M(yo,1)}*
® |Pyt)= 7o () exp (— 20 () >

M(yo,t) = yoexp(—nt),

o(t) = %{1—exp(—2nt)}.




Short and long time limits

o o(t)~2Dt si t<n! 1 (y — vo)?
P(y7 t) ~ eXp | —
“free” diffusion var Dt 4Dt
D 1 1 Ny
~ — P, — _ 17
o ot ; si t>n ¢(Y) 5T OXP ( o5




Position autocorrélation function

cyy(t) = (y(t)y(0)) = /_ h /_ - dyrdyo yeyop(Ye, t; Yo, 0)

+0o0 +oo
ﬁ(ktat; ko, 0) — / / dydyo eXP(_i[ktyt + koyo])P(yt,t; Yo, 0)

82
ny<t) - = (9]{,5(9]{70

ﬁ(kta t7 kO) O)

k+=0,kqg=0

400

B, £ ko, 0) = /

—00

400
dyo exp(—ikoyo)Peq(Yo) / dy: exp(—iky:)p(ye, t]yo, 0)

7

-~

exp(—iM (t,y0)— 3 k7o (t))

—exp (—580(0)) [ d exp(ifha + keesp(-nlwpa(n).

A 7
~~

exp(— % <y2>eq [k0+kt exp(—nt)]Q)

) 1
p(ke, t; ko, 0) = exp (——<y2>eq {(kf + k§) + 2kok, exp(—nt)}>

» Cyy(t) = (Y7)eq exp(—nt)




Mean square displacement

Note that
{y(t) —y(0)}*) = W (t) + ¥*(0) — 2y(t)y(0)) = 2(y°)eq — 2¢,y (1)

W(t) = 2(y")eg{1 — exp(—nt)}

oty W (t) m 2(y*)eqnt
D =~ 2<y2>eqn Short time diffusion coefficient

ld
o t>»n !t limD(t)=lim=—W({)=0

11— 00 {—00 2 d



Diffusion in a harmonic potential

Here y=x is the position of a Brownian particle
U (x)

1
V(x) = §K£L’2, K>0

Boltzmann weight:

()_\/ K K 2
Ped\ ) =\ orknT "0\ " 2knT

On the other hand  pey(z) = {/ —— exp <—n—x2>

=)

D kT

2 _ —
<x>€q_n K




O.U. process for the velocity of a particle

n—vy D—~kgT/M

o |am(v)=—,  ax(v) =2y——

kT

M

OP(v,t) 9,

ot :7%{013(”’”} LA VR

kBT 82P(v, t)

MA{v — vgexp(—~t)}? )

M
et = \/ZﬂkBT{l —exp(—290)} " (_ 2kpT{l —exp(=271)}

® ”U(t() + At) — ”U(t()) — At”YU(t()) —|—€ g — ()

1

_ kpT
2 — 9v 2 At
§ sy

v+ = fs(t)

Langevin equation




o Equilibrium
. B M Muv? Ca .
i P(0,1) = Pofv) =\ 5 o0 (—%BT) Maxwell distribution

e Auvutocorrelation function

Cou(t) = <Uz>eq exp(—t)

kgT
<”02>eq A




O.U. process in phase space

o Fokker-Planck equation 'y = (z,v)"

all(y)=-A-y  aP(y)=2B

0 -1 0 0
A.: p—
<“’3 ”) 0 (0 ’%Tv>

OP(y,t) 0 B B

5 :@-{A°yp(y;t)}+@°{B'@P(Y7t)}

e Equation of motion

(i ran) = () vae (2 2)- Gl + (6)
Aol i+ v+ wh = fi(t)



1

® |P(y,t) = 27\ /det(o ()

1 T 1
o (35 - MOY o0 iy - M}

M(t) = G(t)-yo, G(t) = exp(—At)

t “propaqgator”
o(t) — 2/ drG(r)-B-GT(r). | OP9e
0

e Equilibrium

Faly) = 27T\/de’i(o'(oo)) b (_%yT o7 (e0) 'Y) o(oc) = LEL (w8_2 2) =(y-y")

Mw 1 Muv? Muw?z?
P.,(x,v) = 27TkBOT exp (—— { + 0 })




Spectral representation of G(t)

o Left and right eigenvectors of A

— )\kulm ui_if . Vj _ 57,3
= Ve Bi-orthonormal systems
= (—1,\)7, of eigenvectors
— (_17 )‘2)T7
1
1
vi = O D'
T
® A=) Nu,-vi » G(t) = exp(—At)uy - vi
K k

exp(—Ait) (=X —1 exp(—Xot) (=N —1
G(t) =
» ( ) )\1 — )\2 (Al)\Z )\1> i )\2 — )\1 )\1)\2 )\2



Correlation functions

o Velocity
knT
Con(t) = ]]\94 Glao (1)
» Con(t) = %T exp (-%) {cos(cbot) - L sin(dbot)}
0
e Position
kT
Co(t) = ]\jw% G (t)
Cox (1)

kT ¢
— ]\ng exp (—%) {cos(u?ot) + 2? sin(c’bot)}

Wo

=)

wo

2kgT t
W(t) = Miﬂ [1 — exp (—%) {Cos(cbot) + % sin(wot)
0

|




Smoluchowski equation

_ az(y) OP(y,t) General form of the
I8) = ay) Py, 1) 0y probability current
J(x,t) =D (F(x) P(z,t) — OP(x, t)> Diffusion in a harmonic
kT Oz potential
F(gg) — _a‘g(x) — —Kr Harmonic force
X

OP(y,1) 49/ (y,1)
ot oy

—

=0

OP(x,t) 0 1 0V(x) OP(x,t)
ot _Dﬁx{kBT Ox Ple,t) + Ox

Smoluchowski equation for an
arbitrary potential



Kramers equation

PD o {avPwa}s o (B L)

O.U. process in
phase space
OP OP , OP 0 kT OP
— — P
U 090 T Tow {U i M (%}

ot ox
2 1 0V
0 "M Oz

OP oP 10V OP 0 {vP+kBTaP}

W_HJ%_M@%&U:V% M Ov

Kramers equation for an arbitrary potential



Solutions of FP equation in terms of

eigenfunctions
OP (1.t . 1 0?
W) Lpp Pl Lrr = g W) + 35,7%0)

Fokker-Planck operator
Laplace transform

. . A 1
SP(y7 S) _ — '/:'FPP(y? S) P(y7 S) — g — EFP@

LFan(y) — _)\nPn(y) [';P - al(y)% + a2(y>%8a_y2
E;PQn(y) — _)\nQn(y) Pn(y) — Qn(y)Peq(y)

6y — o) = D Puly)Qn(%0) » P(y,t) =) exp(—Aut) Pu(y)Qu(y0)

n n




Correlation function

Cyy(t) = / / dyody yyo P (y, t|yo, 0) Peq (o)

- i ( / dyypn(y))2eXp(—)\nt)

n=1

Multiexponential relaxation

1

Tmazx )\_
1

Slowest relaxation time scale



Ap=nn, n=012....

0 0?
EFP — 77_33‘|‘D—, Pn(y):Qn(y)Peq(y)
ox Ox?
LL, = — x2+D8—2 Qn(x) = ! H,(x+\/n/2D)
FP — Ui Py 92 n — Gy n
o nx*
Feal®) =/ 5 p P (—ﬁ)
¢ ¢ - fx2>
H | >~ H, (2L —nnt
oMy | (\/§> <\/§>6Xp( n77) Q_k?BT_< 2>
n K
1 4o 9 9
:mexp<1_4&2(xy—ax —ay ))

ox {§ —&oexp(—nt)}’
)} p( 2{1 - exp(—znt>})




Correlation function

Cyy (¢ / / dyody yyo (Y. t[yo, 0) Peg(yo)
= ;(/dny( )) exp(—Ant)

y — &
[dEEP,(E) = b,

cee(t) = exp(—nt)
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